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CHAPTER 23

FLUID DYNAMICS

Since the earth is covered by two fluids, air and water,
much of our life is spent dealing with the dynamic
behavior of fluids. This is particularly true of the
atmosphere where the weather patterns are governed
by the interaction of large and small vortex systems,
that sometime strengthen into fierce systems like tornados and hurricanes. On a smaller scale our knowledge
of some basic principles of fluid dynamics allows us to
build airplanes that fly and sailboats that sail into the
wind.
In this chapter we will discuss only a few of the basic
concepts of fluid dynamics, the concept of the velocity
field, of streamlines, Bernoulli’s equation, and the
basic structure of a well-formed vortex. While these
topics are interesting in their own right, the subject is
being discussed here to lay the foundation for many of
the concepts that we will use in our discussion of
electric and magnetic phenomena. This chapter is
fairly easy reading, but it contains essential material
for our later work. It is not optional.

The Current State of Fluid Dynamics
The ideas that we will discuss here were discovered
well over a century ago. They are simple ideas that
provide very good predictions in certain restricted
circumstances. In general, fluid flows can become very
complicated with the appearance of turbulent motion.
Only in the twentieth century have we begun to gain
confidence that we have the correct equations to explain fluid motion. Solving these equations is another
matter and one of the most active research topics in
modern science. Fluid theory has been the test bed of
the capability of modern super computers as well as the
focus of attention of many theorists. Only a few years
ago, from the work of Lorenz it was discovered that it
was not possible, even in principle, to make accurate
long-range forecasts of the behavior of fluid systems,
that when you try to predict too far into the future, the
chaotic behavior of the system destroys the accuracy of
the prediction.
Relative to the current work on fluid behavior, we will
just barely touch the edges of the theory. But even there
we find important basic concepts such as a vector field,
streamlines, and voltage, that will be important throughout the remainder of the course. We are introducing
these concepts in the context of fluid motion because it
is much easier to visualize the behavior of a fluid than
some of the more exotic fields we will discuss later.
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THE VELOCITY FIELD
Imagine that you are standing on a bridge over a river
looking down at the water flowing underneath you. If
it is a shallow stream the flow may be around boulders
and logs, and be marked by the motion of fallen leaves
and specks of foam. In a deep, wide river, the flow
could be quite smooth, marked only by the eddies that
trail off from the bridge abutments or the whipping
back and forth of small buoys.
Although the motion of the fluid is often hard to see
directly, the moving leaves and eddies tell you that the
motion is there, and you know that if you stepped into
the river, you would be carried along with the water.
Our first step in constructing a theory of fluid motion is
to describe the motion. At every point in the fluid, we
can think of a small “particle” of fluid moving with a
velocity v . We have to be a bit careful here. If we
picture too small a “particle of fluid”, we begin to see
individual atoms and the random motion between
atoms. This is too small. On the other hand, if we think
of too big a “particle”, it may have small fluid eddies
inside it and we can’t decide which way this little piece
of fluid is moving. Here we introduce a not completely
justified assumption, namely that there is a scale of
distance, a size of our particle of fluid, where atomic
motions are too small to be seen and any eddies in the
fluid are big enough to carry the entire particle with it.
With this idealization, we will say that the velocity v of
the fluid at some point is equal to the velocity of the
particle of fluid that is located at that point.
We have just introduced a new concept which we will
call the “velocity field”. At every point in a fluid we
define a vector v which is the velocity vector of the fluid
particle at that point. To formalize the notation a bit,
consider the point labeled by the coordinates (x, y, z).
Then the velocity of the fluid at that point is given by
the vector v (x, y, z), where v (x, y, z) changes as we
go from one point to another, from one fluid particle to
another.

As an example of what we will call a velocity field,
consider the bathtub vortex shown in Figure (1a). From
the top view the water is going in a nearly circular
motion around the vortex core as it spirals down the
funnel. We have chosen Points A, B, C and D, and at
each of the points drawn a velocity vector to represent
the velocity of the fluid particle at that point. The
velocity vectors are tangent to the circular path of the
fluid and vary in size depending on the speed of the
fluid. In a typical vortex the fluid near the core of the
vortex moves faster than the fluid out near the edge.
This is represented in Figure (1b) by the fact that the
vector at Point D, in near the core, is much longer than
the one at Point A, out near the edge.

vortex with
hollow core

funnel

Figure 1a

The "bathtub" vortex is easily seen by filling
a glass funnel with water, stirring the water,
and letting the water flow out of the bottom.

hollow
vortex
core

A
D
B

C

Figure 1b

Looking down from the top, we see the water moving
around in a circular path, with the water near the core
moving faster. The velocity vectors, drawn at four
different points, get longer as we approach the core.
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The Vector Field
The velocity field, illustrated in Figure (1) is our first
example of a more general concept called a vector field.
The idea of a vector field is simply that at every point
in space there is a vector with an explicit direction and
magnitude. In the case of the velocity field, the vector
is the velocity vector of the fluid particle at that point.
The vector v (x, y, z) points in the direction of motion
of the fluid, and has a magnitude equal to the speed of
the fluid.
It is not hard to construct other examples of vector
fields. Suppose you took a 1 kg mass hung on the end
of a spring, and carried it around to different parts of the
earth. At every point on the surface where you stopped
and measured the gravitational force F = mg = g (for
m = 1) you would obtain a force vector that points
nearly toward the center of the earth, and has a magnitude of about 9.8 m/sec2 as illustrated in Figure (2). If
you were ambitious and went down into tunnels, or up
on very tall buildings, the vectors would still point
toward the center of the earth, but the magnitude would

g
g

g

gravitational
force on a
one kilogram
mass

Earth
g

g

Figure 2

We can begin to draw a picture of the earth's
gravitational field by carrying a one kilogram
mass around to various points on the surface of
the earth and drawing the vector g representing
the force on that unit mass (m = 1) object.

vary a bit depending how far down or up you went.
(Theoretically the magnitude of g would drop to zero
at the center of the earth, and drop off as 1/r2 as we went
out away from the earth). This quantity g has a
magnitude and direction at every point, and therefore
qualifies as a vector field. This particular vector field
is called the gravitational field of the earth.
It is easy to describe how to construct the gravitational
field g at every point. Just measure the magnitude and
direction of the gravitational force on a non-accelerated
1 kg mass at every point. What is not so easy is to
picture the result. One problem is drawing all these
vectors. In Figure (2) we drew only about five g
vectors. What would we do if we had several million
measurements?
The gravitational field is a fairly abstract concept—the
result of a series of specific measurements. You have
never seen a gravitational field, and at this point you
have very little intuition about how gravitational fields
behave (do they “behave”? do they do things?). Later
we will see that they do.
In contrast you have seen fluid motion all your life, and
you have already acquired an extensive intuition about
the behavior of the velocity field of a fluid. We wish to
build on this intuition and develop some of the mathematical tools that are effective in describing fluid
motion. Once you see how these mathematical tools
apply to an easily visualized vector field like the
velocity field of a fluid, we will apply these tools to
more abstract concepts like the gravitational field we
just mentioned, or more importantly to the electric
field, which is the subject of the next nine chapters.
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(a) Edge-view of the so called Hele-Shaw cell

(b) Flow around a circular object.

Streamlines
We have already mentioned one problem with vector
fields—how do you draw or represent so many vectors? A partial answer is through the concept of
streamlines illustrated in Figure (3). In that figure we
have two plates of glass separated by a narrow gap with
water flowing down through the gap. In order to see the
path taken by the flowing water, there are two fluid
reservoirs at the top, one containing ink and the other
clear water. The ink and water are fed into the gap in
alternate bands producing the streaks that we see.
Inside the gap are a plastic cut-out of both a cylinder and
a cross section of an airplane wing, so that we can
visualize how the fluid flows past these obstacles.
The lines drawn by the alternate bands of clear and dark
water are called streamlines. Each band forms a
separate stream, the clear water staying in clear streams
and the inky water in dark streams. What these streams
or streamlines tell us is the direction of motion of the
fluid. Because the streams do not cross and because the
dark fluid does not mix with the light fluid, we know
that the fluid is moving along the streamlines, not
perpendicular to them. In Figure (4) we have sketched
a pair of streamlines and drawn the velocity vectors v1,
v2, v3 and v4 at four points along one of the streams.
What is obvious is that the velocity vector at some point
must be parallel to the streamline at that point, for that
is the way the fluid is flowing. The streamlines give us
a map of the directions of the fluid flow at the various
points in the fluid.
Figure 4

(c) Flow around airplane wing shapes.

Figure 3

In a Hele-Shaw cell, bands of water and ink flow
down through a narrow gap between sheets of
glass. With this you can observe the flow around
different shaped objects placed in the gap. The
alternate black and clear bands of water and ink
mark the streamlines of the flow.

Velocity vectors in a
streamline. Since
the fluid is flowing
along the stream, the
velocity vectors are
parallel to the
streamlines. Where
the streamlines are
close together and
the stream becomes
narrow, the fluid
must flow faster and
the velocity vectors
are longer.

v1
v2

v3

Streamlines
v4
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Continuity Equation
When we have a set of streamlines such as that in Figure
(4), we have a good idea of the directions of flow. We
can draw the direction of the velocity vector at any
point by constructing a vector parallel to the streamline
passing through that point. If the streamline we have
drawn or photographed does not pass exactly through
that point, then we can do a fairly good job of estimating
the direction from the neighboring streamlines.
But what about the speed of the fluid? Every vector has
both a magnitude and a direction. So far, the streamlines have told us only the directions of the velocity
vectors. Can we determine or estimate the fluid speed
at each point so that we can complete our description of
the velocity field?
When there is construction on an interstate highway
and the road is narrowed from two lanes to one, the
traffic tends to go slowly through the construction.
This makes sense for traffic safety, but it is just the
wrong way to handle an efficient fluid flow. The traffic
should go faster through the construction to make up
for the reduced width of the road. (Can you imagine the
person with an orange vest holding a sign that says
“Fast”?) Water, when it flows down a tube with a
constriction, travels faster through the constriction than

v2

x 2 = v2 t
x1
A1

v1
x1 = v1 t

Figure 5

It is not too hard to go from the qualitative idea that fluid
must flow faster in the narrow sections of a channel, to
a quantitative result that allows us to calculate how
much faster. In Figure (5), we are considering a section
of streamline or flow tube which has an entrance area
A1, and exit area A2 as shown. In a short time ∆t, the
fluid at the entrance travels a distance ∆x 1 = v1∆t , while
at the exit the fluid goes a distance ∆x 2 = v2∆t.
The volume of water that entered the stream during the
time ∆t is the shaded volume at the left side of the
diagram, and is equal to the area A1 times the distance
∆x 1 that the fluid has moved
Volume of water
entering in ∆t

During the time ∆ t , water entering the small section
of pipe travels a distance v1∆ t , while water leaving
the large section goes a distance v2 ∆ t . Since the
same amount of water must enter as leave, the
entrance volume A 1 ∆ x 1 must equal the exit volume
A2 ∆ x 2. This gives A 1 v1∆ t = A2 v2∆ t , or the result
A 1 v1 = A2 v2 which is one form of the continuity
equation.

A2

= A1∆x 1 = A1v1∆t

(1)

The volume of water leaving the same amount of time
is
Volume of water
leaving during ∆t

x2
streamline

in the wide sections. This way, the same volume of
water per second gets past the constriction as passes per
second past a wide section of the channel. Applying
this idea to Figure (4), we see why the velocity vectors
are longer, the fluid speed higher, in the narrow sections of the streamline channels than in the wide
sections.

= A2∆x 2 = A2v2∆t

(2)

If the water does not get squeezed up or compressed
inside the stream between A1 and A2, if we have an
incompressible fluid, which is quite true for water and
in many cases even true for air, then the volume of fluid
entering and the volume of the fluid leaving during the
time ∆t must be equal. Equating Equations (1) and (2)
and cancelling the ∆t gives
A1v1 = A2v2

continuity equation

(3)

Equation (3) is known as the continuity equation for
incompressible fluids. It is a statement that we do not
squeeze up or lose any fluid in the stream. It also tells
us that the velocity of the fluid is inversely proportional
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to the cross sectional area of the stream at that point. If
the cross sectional area in a constriction has been cut in
half, then the speed of the water must double in order
to get the fluid through the constriction.
If we have a map of the streamlines, and know the
entrance speed v1 of the fluid, then we can determine
the magnitude and direction of the fluid velocity v2 at
any point downstream. The direction of v2 is parallel
to the streamline at Point (2), and the magnitude is
given by v2 = v1 (A1/A2). Thus a careful map of the
fluid streamlines, combined with the continuity equation, give us almost a complete picture of the fluid
motion. The only additional information we need is the
entrance speed.

v2

point source
of water
v2

v1
v1

r1

v2

v1
r2

Velocity Field of a Point Source
This is an artificial example that shows us how to apply
the continuity equation in a somewhat unexpected
way, and leads to some ideas that will be very important
in our later discussion of electric fields.
For this example, imagine a small magic sphere that
creates water molecules inside and lets the water
molecules flow out through the surface of the sphere.
(Or there may be an unseen hose that supplies the water
that flows out through the surface of the sphere.)
Let the small sphere have a radius r1, area 4π r12 and
assume that the water is emerging radially out through
the small sphere at a speed v1 as shown in Figure (6).
Also let us picture that the small sphere is at the center
of a huge swimming pool full of water, that the sides of
the pool are so far away that the water continues to flow
radially outward at least for several meters. Now
conceptually construct a second sphere of radius
r2 > r1 centered on the small sphere as in Figure (6).
During one second, the volume of water flowing out of
the small sphere is v1A 1, corresponding to ∆t = 1 sec in
Equation (1). By the continuity equation, the volume
of water flowing out through the second sphere in one
second, v2 A 2, must be the same in order that no water
piles up between the spheres. Using the fact that
A1 = 4π r12 and A2 = 4π r22, we get
v1 A1 = v2 A2

continuity
equation

v1 4π r12 = v2 4π r22
v1
v2

v1
v2

Figure 6

Point source of water. Imagine that water
molecules are created inside the small sphere
and flow radially out through its surface at a
speed v1 . The same molecules will eventually
flow out through the larger sphere at a lesser
speed v2 . If no water molecules are created or
destroyed outside the small sphere, then the
continuity equation A 1 v1 = A2 v2 requires
that 4 π r 12 v1 = 4 π r 22 v2 .

v2 = 12 v1r12
(4a)
r2
Equation 4a tells us that as we go out from the "magic
sphere", as the distance r2 increases, the velocity v2
drops off as the inverse square of r2 , as 1 r22 . We can
write this relationship in the form
v2 ∝

1
r22

The symbol
∝ means
"proportional to"

(4b)

A small spherical source like that shown in Figure (6)
is often called a point source. We see that a point
source of water produces a 1 r2 velocity field.
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Velocity Field of a Line Source
One more example which we will often use later is the
line source. This is much easier to construct than the
point source where we had to create water molecules.
Good models for a line source of water are the sprinkling hoses used to water gardens. These hoses have a
series of small holes that let the water flow radially
outward.
For this example, imagine that we have a long sprinkler
hose running down the center of an immense swimming pool. In Figure (7) we are looking at a cross
section of the hose and see a radial flow that looks very
much like Figure (6). The side view, however, is
different. Here we see that we are dealing with a line
rather than a point source of water.

v1

r2

v2

a) End view of line source

v2

v2

v2

v2

v2

v1

v1

v1

v1

v1

r2

1
r2

v1

v1

v1

v1

v1

v2

v2

v2

v2

v2

L

= v2 A2 = v2 2πr2L

b) Side view of line source
Figure 7

Line source of water. In a line source, the
water flows radially outward through a
cylindrical area whose length we choose as
L and whose circumference is 2 π r .

v1L2π r1 = v2L2π r2 ; v1 r1 = v2 r2
∝

v1

v2

r1

v1A1 = v2A2

v2 =

v1

r1

v1

= v1A1 = v1L2π r 1

Using the continuity equation to equate these volumes
of water per second gives

v1r1

v2

r2

If the swimming pool is big enough so that this water
continues to flow radially out through a cylindrical area
A2 concentric with and surrounding the hose, then the
volume of water per second (we will call this the “flux”
of water) out through A2 is
Volume of
water / sec out
through A2

v1

v2

Consider a section of the hose and fluid of length L.
The volume of water flowing in one second out through
this section of hose is v1 A1 where A 1 = L times (the
circumference of the hose) = L(2πr1).
Volume of
water / sec
from a section
L of hose

v2

line source
of water

(5)

We see that the velocity field of a line source drops off
as 1/r rather than 1/r2 which we got from a point source.
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FLUX
Sometimes simply changing the name of a quantity
leads us to new ways of thinking about it. In this case
we are going to use the word flux to describe the
amount of water flowing per second out of some
volume. From the examples we have considered, the
flux of water out through volumes V1 and V2 are given
by the formulas
Volume of
water flowing
per second
out of V1

Flux of
water
out of V1

≡

Flux of
water
out of V2

= v2A2

= v1A1

r

v

v

v

v

L
v

v

(6)

Σi viA⊥i

In the really messy cases, the sum over flow tubes
becomes an integral as we take the limit of a large
number of infinitesimal flow tubes.

So far we have chosen simple surfaces, a sphere and a
cylinder, and for these surfaces the flux of water is
simply the fluid speed v times the area out through
which it is flowing. Note that for our cylindrical surface
shown in Figure (8), no water is flowing out through the
ends of the cylinder, thus only the outside area (2πrL)
counted in our calculation of flux. A more general way
of stating how we calculate flux is to say that it is the
fluid speed v times the perpendicular area A ⊥ through
which the fluid is flowing. For the cylinder, the
perpendicular area A ⊥ is the outside area (2πrL); the
ends of the cylinder are parallel to the flow and therefore do not count.
v

Total Flux = v1A1 + v2A2 + v2A2 +...
=

The continuity equation can be restated by saying that
the flux of water out of V1 must equal the flux out of V2
if the water does not get lost or compressed as it flows
from the inner to the outer surface.

v

The concept of flux can be generalized to irregular
flows and irregularly shaped surfaces. To handle that
case, break the flow up into a bunch of small flow tubes
separated by streamlines, construct a perpendicular
area for each flow tube as shown in Figure (9), and then
calculate the total flux by adding up the fluxes from
each flow tube.

no water
flows out
through
the end

Figure 8

With a line source, all the water flows through the
cylindrical surface surrounding the source and none
through the ends. Thus A ⊥ , the perpendicular area
through which the water flows is 2 π r × L .

For this text, we have gone too far. We will not work
with very complicated flows. We can learn all we want
from the simple ones like the flow out of a sphere or a
cylinder. In those cases the perpendicular area is
obvious and the flux easy to calculate. For the spherical
flow of Figure (6), we see that the velocity field
dropped off as 1/r2 as we went out from the center of the
sphere. For the cylinder in Figure (7) the velocity field
dropped off less rapidly, as 1/r.
A1

A2

v1

v2

A3
A4

v3

Figure 9

To calculate the flux of water in an arbitrarily
shaped flow break up the flow into many small flux
tubes where the fluid velocity is essentially uniform
across the small tube as shown. The flux through
the i-th tube is simply vi A i , and the total flux is the
sum of the fluxes Σ i vi A i through each tube.

v4
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BERNOULLI’S EQUATION
Our discussion of flux was fairly lengthy, not so much
for the results we got, but to establish concepts that we
will use extensively later on in our discussion of electric
fields. Another topic, Bernoulli’s law, has a much
more direct application to the understanding of fluid
flows. It also has some rather surprising consequences
which help explain why airplanes can fly and how a
sailboat can sail up into the wind.
Bernoulli’s law involves an energy relationship between the pressure, the height, and the velocity of a
fluid. The theorem assumes that we have a constant
density fluid moving with a steady flow, and that
viscous effects are negligible, as they often are for
fluids such as air and water.

Consider a small tube of flow bounded by streamlines
as shown in Figure (10). In a short time ∆t a small
volume of fluid enters on the left and an equal volume
exits on the right. If the exiting volume has more
energy than the entering volume, the extra energy had
to come from the work done by pressure forces acting
on the fluid in the flow tube. Equating the work done
by the pressure forces to the increase in energy gives us
Bernoulli's equation.
To help visualize the situation, imagine that the streamline boundaries of the flow tube are replaced by frictionless, rigid walls. This would have no effect on the
flow of the fluid, but focuses our attention on the ends
of the tube where the fluid is flowing in on the left, at
what we will call Point (1), and out on the right at Point
(2).

x2 = v2 t
flow tube
bounded by
streamlines

h2

1

2

F2
F2 = P2 A2

volume of
water exiting
during time t

x1 = v1 t
F1

A2

A1

h1

F1 = P1 A1 volume of
water entering
during time t
Figure 10

Derivation of Bernoulli's equation. Select a flow tube bounded by streamlines. For the steady
flow of an incompressible fluid, during a time ∆ t the same volume of fluid must enter on the
left as leave on the right. If the exiting fluid has more energy than the entering fluid, the
increase must be a result of the net work done by the pressure forces acting on the fluid.
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As a further aid to visualization, imagine that a small
frictionless cylinder is temporarily inserted into the
entrance of the tube as shown in Figure (11a), and at the
exit as shown in Figure (11b). Such cylinders have no
effect on the flow but help us picture the pressure
forces.
At the entrance, if the fluid pressure is P1 and the area
of the cylinder is A 1, then the external fluid exerts a net
force of magnitude
(7a)

F1 = P1A 1

directed perpendicular to the surface of the cylinder as
shown. We can think of this force F1 as the pressure
force that the outside fluid exerts on the fluid inside the
flow tube. At the exit, the external fluid exerts a
pressure force F2 of magnitude
F2 = P2A 2

(7b)

directed perpendicular to the piston, i.e., back toward
the fluid inside the tube.

F1

internal fluid
P1

A1
exit from
flow tube

b)

internal fluid

∆W1 = F1 ⋅∆x 1 = P1A 1 v 1∆t

(8a)

At the exit, the fluid moves out a distance ∆x 2 = v2∆t,
while the external force pushes back in with a pressure
force F2. Thus the pressure forces do negative work on
the inside fluid, with the result
∆W2 = F2 ⋅∆x2 = – P2A2 v 2∆t

(8b)

The net work ∆W done during a time ∆t by external
pressure forces on fluid inside the flow tube is therefore
∆W = ∆W1 + ∆W2
= P1 A1v1∆t – P2 A2v2 ∆t

(9)

Equation (9) can be simplified by noting that
A 1v1∆t = A 1∆x 1 is the volume ∆V1 of the entering
fluid. Likewise A 2v2∆t = A 2∆x 2 is the volume ∆V2
of the exiting fluid. But during ∆t, the same volume
∆V of fluid enters and leaves, thus ∆V1 = ∆V2 = ∆V
and we can write Equation (9) as

entrance to
flow tube

a)

Thus the fluid inside the flow tube is subject to external
pressure forces, F1 in from the left and F2 in from the
right. During a time ∆t, the fluid at the entrance moves
a distance ∆x 1 = v1∆t as shown in Figure (10). While
moving this distance, the entering fluid is subject to the
pressure force F1, thus the work ∆W1 done by the
pressure force at the entrance is

F2
P2
A2

Figure 11

The flow would be unchanged if we temporarily
inserted frictionless pistons at the entrance and exit.

work done
by external
pressure
forces
on fluid
inside flow
tube

∆W = ∆V P1 – P2

(10)

The next step is to calculate the change in energy of the
entering and exiting volumes of fluid. The energy ∆E 1
of the entering fluid is its kinetic energy 1 2 ∆m v12
plus its gravitational potential energy ∆m gh1 , where
∆m is the mass of the entering fluid. If the fluid has a
density ρ, then ∆m = ρ∆V and we get
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∆E1 = 1 ρ∆V v12 + ρ∆V gh1
2

(11a)

= ∆V 1 ρv12 + ρgh1
2

At the exit, the same mass and volume of fluid leave in
time ∆t, and the energy of the exiting fluid is
∆E 2 = ∆V 1 ρv22 + ρgh2
2

(11b)

The change ∆E in the energy in going from the
entrance to the exit is therefore
∆E = ∆E2 – ∆E1
= ∆V 1 ρv22 + ρgh2 – 1 ρv12 – ρgh1
2
2

(12)

∆V P1 – P2

(13)

Not only can we cancel the ∆Vs in Equation (13), but
we can rearrange the terms to make the result easier to
remember. We get

P1 + 1 ρv12 + ρgh1 = P2 + 1 ρv22 + ρgh2
2
2

P + ρgh + 1 ρv 2 =
2

constant anywhere
along a flow tube
or streamline

(15)

Equating the work done, Equation (10) to the change in
energy, Equation (12) gives

= ∆V 1 ρv22 + ρgh2 – 1 ρv12 – ρgh1
2
2

In this form, an interpretation of Bernoulli’s equation
begins to emerge. We see that the quantity
P + ρgh + 1 ρv 2 has the same numerical value at the
2
entrance, Point (1), as at the exit, Point (2). Since we
can move the starting and ending points anywhere
along the flow tube, we have the more general result

(14)

Equation (15) is our final statement of Bernoulli’s
equation. In words it says that for the steady flow of an
incompressible, non viscous, fluid, the quantity
P + ρgh + 1 2
2ρv 2 has a constant value along a
streamline.
2 2 is constant
The restriction that P + ρgh + 1 2ρv
along a streamline has to be taken seriously. Our
derivation applied energy conservation to a plug moving along a small flow tube whose boundaries are
streamlines. We did not consider plugs of fluid moving
in different flow tubes, i.e., along different streamlines.
For some special flows, the quantity
P + ρgh + 1 2
2ρv 2 has the same value throughout
the entire fluid.
But for most flows,
P + ρgh + 1 22ρv 2 has different values on different
streamlines. Since we haven’t told you what the special
flows are, play it safe and assume that the numerical
value of P + ρgh + 1 22ρv 2 can change when you
hop from one streamline to another.
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Pat + ρg 0 = constant

APPLICATIONS OF
BERNOULLI’S EQUATION
Bernoulli’s equation is a rather remarkable result that
2 2 has a value that
some quantity P + ρgh + 1 2ρv
doesn’t change as you go along a streamline. The terms
inside, except for the P term, look like the energy of a
unit volume of fluid. The P term came from the work
part of the energy conservation theorem, and cannot
strictly be interpreted as some kind of pressure energy.
As tempting as it is to try to give an interpretation to the
terms in Bernoulli’s equation, we will put that off for a
while until we have worked out some practical applications of the formula. Once you see how much the
equation can do, you will have a greater incentive to
develop an interpretation.
Hydrostatics
Let us start with the simplest application of Bernoulli’s
equation, namely the case where the fluid is at rest. In
a sense, all the fluid is on the same streamline, and we
have
P + ρgh =

constant
throughout
the fluid

(16)

Suppose we have a tank of water shown in Figure (12).
Let the pressure be atmospheric pressure at the surface,
and set h = 0 at the surface. Therefore at the surface

and the constant is Pat. For any depth y = –h, we have
P – ρgy = constant = P at
P = Pat + ρgy

We see that the increase in pressure at a depth y is ρgy,
a well-known result from hydrostatics.
Exercise 1
The density of water is ρ = 103Kg/m3 and atmospheric
pressure is Pat = 1.0 ×105N/ m2 . At what depth does a
scuba diver breath air at a pressure of 2 atmospheres?
(At what depth does ρgy = Pat ?) (Your answer should
be 10.2m or 33 ft.)
Exercise 2
What is the pressure, in atmospheres, at the deepest
part of the ocean? (At a depth of 8 kilometers.)

Leaky Tank
For a slightly more challenging example, suppose we
have a tank filled with water as shown in Figure (13).
A distance h below the surface of the tank we drill a hole
and the water runs out of the hole at a speed v. Use
Bernoulli’s equation to determine the speed v of the
exiting water.

Pat
h=0
water

Pat

h1

y
P

(17)

(1)

water

h = –y

h
streamline
h2

Pat

V2

(2)

Figure 12

Figure 13

Hydrostatic pressure at a depth y is
atmospheric pressure plus ρ gy.

Water squirting out through a hole in a leaky tank. A
streamline connects the leak at Point (2) with some
Point (1) on the surface. Bernoulli's equation tells us
that the water squirts out at the same speed it would
have if it had fallen a height h.

23-13

Solution: Somewhere there will be a streamline
connecting the free surface of the water (1) to a Point
(2) in the exiting stream. Applying Bernoulli's equation to Points (1) and (2) gives
P1 + ρgh 1 + 1 ρv12 = P2 + ρgh 2 + 1 ρv22
2
2

P1 + 1 ρv12 + ρgh 1 = P2 + 1 ρv22 + ρgh 2
2
2

Now P1 = P2 = Pat , so the Ps cancel. The water level
in the tank is dropping very slowly, so that we can set
v1 = 0. Finally h1 – h2 = h, and we get
1 ρv 2 = ρg h – h = ρgh
1
2
2 2

Arguing that the fluid at Point (1) on the top and Point
(2) on the bottom started out on essentially the same
streamline (Point 0), we can apply Bernoulli’s equation to Points (1) and (2) with the result

(18)

The result is that the water coming out of the hole is
moving just as fast as it would if it had fallen freely from
the top surface to the hole we drilled.
Airplane Wing
In the example of a leaky tank, Bernoulli’s equation
gives a reasonable, not too exciting result. You might
have guessed the answer by saying energy should be
conserved. Now we will consider some examples that
are more surprising than intuitive. The first explains
how an airplane can stay up in the air.
Figure (14) shows the cross section of a typical airplane
wing and some streamlines for a typical flow of fluid
around the wing. (We copied the streamlines from our
demonstration in Figure 3).
The wing is purposely designed so that the fluid has to
flow farther to get over the top of the wing than it does
to flow across the bottom. To travel this greater
distance, the fluid has to move faster on the top of the
wing (at Point 1), than at the bottom (at Point 2).

We have crossed out the ρgh terms because the difference in hydrostatic pressure ρgh across the wing is
negligible for a light fluid like air.
Here is the important observation. Since the fluid speed
v1 at the top of the wing is higher than the speed v2 at the
bottom, the pressure P2 at the bottom must be greater
than P1 at the top in order that the sum of the two terms
P + 1 2ρv
2 2 be the same. The extra pressure on the
bottom of the wing is what provides the lift that keeps
the airplane up in the air.
There are two obvious criticisms of the above explanation of how airplanes get lift. What about stunt pilots
who fly upside down? And how do balsa wood gliders
with flat wings fly? The answer lies in the fact that the
shape of the wing cross-section is only one of several
important factors determining the flow pattern around
a wing.
Figure (15) is a sketch of the flow pattern around a flat
wing flying with a small angle of attack θ. By having
an angle of attack, the wing creates a flow pattern where
the streamlines around the top of the wing are longer
than those under the bottom. The result is that the fluid
flows faster over the top, therefore the pressure must be
lower at the top (higher at the bottom) and we still get
lift. The stunt pilot flying upside down must fly with a
great enough angle of attack to overcome any downward lift designed into the wing.

(1)
airplane wing
(2)

θ

(0)

Figure 14

Figure 15

Streamline flow around an airplane wing. The wing is
shaped so that the fluid flows faster over the top of the
wing, Point (1) than underneath, Point (2). As a result
the pressure is higher beneath Point (2) than above
Point (1).

A balsa wood model plane gets lift by having the wing
move forward with an upward tilt, or angle of attack.
The flow pattern around the tilted wing gives rise to a
faster flow and therefore reduced pressure over the top.
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Sailboats
Sailboats rely on Bernoulli’s principle not only to
supply the “lift” force that allows the boat to sail into the
wind, but also to create the “wing” itself. Figure (16)
is a sketch of a sailboat heading at an angle θ off from
the wind. If the sail has the shape shown, it looks like
the airplane wing of Figure (14), the air will be moving
faster over the outside curve of the sail (Position 1) than
the inside (Position 2), and we get a higher pressure on
the inside of the sail. This higher pressure on the inside
both pushes the sail cloth out to give the sail an airplane
wing shape, and creates the lift force shown in the
diagram. This lift force has two components. One pulls
the boat forward. The other component , however,
tends to drag the boat sideways. To prevent the boat
from slipping sideways, sailboats are equipped with a
centerboard or a keel.

The operation of a sailboat is easily demonstrated using
an air cart, glider and fan. Mount a small sail on top of
the air cart glider (the light plastic shopping bags make
excellent sail material) and elevate one end of the cart
as shown in Figure (17) so that the cart rests at the low
end. Then mount a fan so that the wind blows down and
across as shown. With a little adjustment of the angle
of the fan and the tilt of the air cart, you can observe the
cart sail up the track, into the wind.
If you get the opportunity to sail a boat, remember that
it is the Bernoulli effect that both shapes the sail and
propels the boat. Try to adjust the sail so that it has a
good airplane wing shape, and remember that the
higher speed wind on the outside of the sail creates a
low pressure that sucks the sailboat forward. You’ll go
faster if you keep these principles in mind.
light plastic
sail

tilted air track

air cart

θ
(0)

lift force

(2)

sail

(1)

forward
component
of lift

fan

post
sail

string
Figure 16

A properly designed sail takes on the shape of an
airplane wing with the wind traveling faster,
creating a lower pressure on the outside of the
sail (Point 1). This low pressure on the outside
both sucks the canvas out to maintain the shape
of the sail and provides the lift force. The
forward component of the lift force moves the
boat forward and the sideways component is
offset by the water acting on the keel.

Figure 17

Sailboat demonstration. It is easy to rig a mast on an
air cart, and use a small piece of a light plastic bag for
a sail. Place the cart on a tilted air track so that the
cart will naturally fall backward. Then turn on a fan
as shown, and the cart sails up the track into the wind.
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The Venturi Meter
Another example, often advertised as a simple application of Bernoulli’s equation, is the Venturi meter
shown in Figure (18). We have a tube with a constriction, so that its cross-sectional area A1 at the entrance
and the exit, is reduced to A2 at the constriction. By the
continuity equation (3), we have
v1A 1
v1A 1 = v2A 2; v2 =
A2
As expected, the fluid travels faster through the constriction since A1 > A2.
Now apply Bernoulli’s equation to Points (1) and (2).
Since these points are at the same height, the ρgh terms
cancel and Bernoulli’s equation becomes
P1 + 1 ρv12 = P2 + 1 ρv22
2
2
Since v2 > v1, the pressure P2 in the constriction must be
less than the pressure P1 in the main part of the tube.
Using v2 = v1A 1 /A 2 , we get
Pressure
drop in
constriction

cause the fluid level in barometer (B) to be lower than
in the barometer over the slowly moving, high pressure
stream. The height difference h means that there is a
pressure difference
Pressure = P – P = ρgh
1
2
difference

(20)

If we combine Equations (19) and (20), ρ cancels and
we can solve for the speed v1 of the fluid in the tube in
terms of the quantities g, h, A1 and A2. The result is
v1 =

2gh
A21

A22

(21)
–1

Because we can determine the speed v1 of the main
flow by measuring the height difference h of the two
columns of fluid, the setup in Figure (18) forms the
basis of an often used meter to measure fluid flows. A
meter based on this principle is called a Venturi meter.
Exercise 3
Show that all the terms in Bernoulli's equation have the
same dimensions. (Use MKS units.)

= P1 – P2
= 1 ρ v22 – v12
2

Exercise 4

= 1 ρ v12 A21 A22 – v12
2

(19)

= 1 ρv12 A21 A22 – 1
2

To observe the pressure drop, we can mount small
tubes (A) and (B) as shown in Figure (18), to act as
barometers. The lower pressure in the constriction will

In a classroom demonstration of a venturi meter shown
in Figure (18a), the inlet and outlet pipes had diameters
of 2 cm and the constriction a diameter of 1 cm. For a
certain flow, we noted that the height difference h in the
barometer tubes was 7 cm. How fast, in meters/sec,
was the fluid flowing in the inlet pipe?

(B)

(A)
(3)

h
(4)

(1)

v1

v2
(2)
A2

A1

Figure 18

Venturi meter. Since the water flows faster through
the constriction, the pressure is lower there. By using
vertical tubes to measure the pressure drop, and using
Bernoulli's equation and the continuity equation, you
can determine the flow speeds v1 and v2 .

Figure 18a

Venturi demonstration. We see about a 7cm drop in
the height of the barometer tubes at the constriction.
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The Aspirator
In Figure (18), the faster we move the fluid through the
constriction (the greater v1 and therefore v2), the greater
the height difference h in the two barometer columns.
If we turn v1 up high enough, the fluid is moving so fast
through section 2 that the pressure becomes negative
and we get suction in barometer 2. For even higher
speed flows, the suction at the constriction becomes
quite strong and we have effectively created a crude
vacuum pump called an aspirator. Typically aspirators like that shown in Figure (19) are mounted on cold
water faucets in chemistry labs and are used for sucking
up various kinds of fluids.
suction

v1

v2
negative
pressure

Care in Applying Bernoulli’s Equation
Although the Venturi meter and aspirator are often
used as simple examples of Bernoulli’s equation, considerable care must be used in applying Bernoulli’s
equation in these examples. To illustrate the trouble
you can get into, suppose you tried to apply Bernoulli’s
equation to Points (3) and (4) of Figure (20). You
would write
P3 + ρgh 3 + 1 ρv32 = P4 + ρgh 4 + 1 ρv42
2
2

(22)
Now P3 = P4 = Patmosphere because Points (3) and (4)
are at the liquid surface. In addition the fluid is at rest
in tubes (3) and (4), therefore v3 = v4 = 0. Therefore
Bernoulli’s equation predicts that
ρgh 3 = ρgh 4

or that h3 = h4 and there should be no height difference!

Figure 19a

If the water flows through the constriction
fast enough, you get a negative pressure
and suction in the attached tube.

water
faucet
spigot

aspirator

suction

What went wrong? The mistake results from the fact
that no streamlines go from position (3) to position (4),
and therefore Bernoulli’s equation does not have to
apply. As shown in Figure (21) the streamlines flow
across the bottom of the barometer tubes but do not go
up into them. It turns out that we cannot apply
Bernoulli’s equation across this break in the streamlines. It requires some experience or a more advanced
knowledge of hydrodynamic theory to know that you
can treat the little tubes as barometers and get the
(3)
(4)

Figure 19b

If the constriction is placed on the end of a water faucet
as shown, you have a device called an aspirator that is
often used in chemistry labs for sucking up fluids.

v1

v2

Figure 20

If you try to apply Bernoulli's equation to Points (3)
and (4), you predict, incorrectly, that Points (3) and
(4) should be at the same height. The error is that
Points (3) and (4) do not lie on the same streamline,
and therefore you cannot apply Bernoulli's equation
to them.
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(3)
barometer tube

fluid at rest
moving fluid
streamlines

Figure 21

The water flows past the bottom of the barometer tube,
not up into the tube. Thus Point (3) is not connected to
any of the streamlines in the flow. The vertical tube
acts essentially as a barometer, measuring the pressure
of the fluid flowing beneath it.

correct answer. Most texts ignore this complication,
but there are always some students who are clever
enough to try to apply Bernoulli’s equation across the
break in the flow at the bottom of the small tubes and
then wonder why they do not get reasonable answers.
There is a remarkable fluid called superfluid helium
which under certain circumstances will not have a
break in the flow at the base of the barometer tubes.
(Superfluid helium is liquefied helium gas cooled to a
temperature below 2.17 ° K). As shown in Figure (22)
the streamlines actually go up into the barometer tubes,
Points (3) and (4) are connected by a streamline,
Bernoulli’s equation should apply and we should get
no height difference. This experiment was performed
in 1965 by Robert Meservey and the heights in the two
barometer tubes were just the same!

(3)

streamlines
go up
into tubes

(4)

superfluid helium

Figure 22

In superfluid helium, the streamlines actually go
up into the barometer tubes and Bernoulli's
equation can be applied to Points (3) and (4).
The result is that the heights of the fluid are the
same as predicted. (Experiment by R. Meservey,
see Physics Of Fluids, July 1965.)

Hydrodynamic Voltage
When we studied the motion of a projectile, we found
that the quantity (1/2 mv2 + mgh) did not change as the
ball moved along its parabolic trajectory. When physicists discover a quantity like (1/2 mv2 + mgh) that does
not change, they give that quantity a name, in this case
“the ball’s total energy”, and then say that they have
discovered a new law, namely “the ball’s total energy
is conserved as the ball moves along its trajectory”.
With Bernoulli’s equation we have a quantity
P + ρgh + 1 2ρv
2 2 which is constant along a streamline when we have the steady flow of an incompressible, non viscous fluid. Here we have a quantity
P + ρgh + 1 2ρv
2 2 that is conserved under special
circumstances; perhaps we should give this quantity a
name also.
The term ρgh is the gravitational potential energy of a
2 2 is the same
unit volume of the fluid, and 1 2ρv
volume’s kinetic energy. Thus our Bernoulli term has
the dimensions and characteristics of the energy of a
unit volume of fluid. But the pressure term, which
came from the work part of the derivation of Bernoulli’s
equation, is not a real energy term. There is no pressure
energy P stored in an incompressible fluid, and
Bernoulli’s equation is not truly a statement of energy
conservation for a unit volume of fluid.
However, as we have seen, the Bernoulli term is a
useful concept, and deserves a name. Once we name
it, we can say that “ ” is conserved along a streamline
under the right circumstances. Surprisingly there is not
an extensive tradition for giving the Bernoulli term a
name so that we have to concoct a name here. At this
point our choice of name will seem a bit peculiar, but
it is chosen with later discussions in mind. We will call
the Bernoulli term hydrodynamic voltage
Hydrodynamic
≡ P + ρgh + 1 ρv 2
Voltage
2

(23)

and Bernoulli’s equation states that the hydrodynamic
voltage of an incompressible, non viscous fluid is
constant along a streamline when the flow is steady.
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We obviously did not invent the word voltage; the
name is commonly used in discussing electrical devices like high voltage wires and low voltage batteries.
It turns out that there is a precise analogy between the
concept of voltage used in electricity theory, and the
Bernoulli term we have been discussing. To emphasize the analogy, we are naming the Bernoulli term
hydrodynamic voltage. The word “hydrodynamic” is
included to remind us that we are missing some of the
electrical terms in a more general definition of voltage.
We are discussing hydrodynamic voltage before electrical voltage because hydrodynamic voltage involves
fluid concepts that are more familiar, easier to visualize
and study, than the corresponding electrical concepts.

Town Water Supply
One of the familiar sights in towns where there are no
nearby hills is the water tank somewhat crudely illustrated in Figure (23). Water is pumped from the
reservoir into the tank to fill the tank up to a height h
as shown.
For now let us assume that all the pipes attached to the
tanks are relatively large and frictionless so that we can
neglect viscous effects and apply Bernoulli’s equation
to the water at the various points along the water
system. At Point (1), the pressure is simply atmospheric pressure Pat, the water is essentially not flowing, and the hydrodynamic voltage consists mainly of
Pat plus the gravitational term gh 1
Hydrodynamic
= Pat + gh 1
Voltage
1

By placing the tank high up in the air, the gh1 term can
be made quite large. We can say that the tank gives us
“high voltage” water.
water tank
(4)

(1)

water
spraying
up

h1
(2)

(3)

(5)

hole in pipe
Figure 23

The pressure in the town water supply may be
maintained by pumping water into a water tank as
shown. If the pipes are big enough we can neglect the
viscous effect and apply Bernoulli's equation
throughout the system, including the break in the water
pipe at Point (3), and the top of the fountain, Point (4).
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Bernoulli’s equation tells us that the hydrodynamic
voltage of the water is the same at all the points along
the water system. The purpose of the water tank is to
ensure that we have high voltage water throughout the
town. For example, at Point (2) at one of the closed
faucets in the second house, there is no height left
(h2 = 0) and the water is not flowing. Thus all the
voltage shows up as high pressure at the faucet.
Hydrodynamic
= P2
Voltage
2

At Point (3) we have a break in the pipe and water is
squirting up. Just above the break the pressure has
dropped to atmospheric pressure and there is still no
height. At this point the voltage appears mainly in the
form of kinetic energy.
Hydrodynamic
= Pat + 1 ρv 2
Voltage
2
3

Finally at Point (4) the water from the break reaches its
maximum height and comes to rest before falling down
again. Here it has no kinetic energy, the pressure is still
atmospheric, and the hydrodynamic voltage is back in
the form of gravitational potential energy. If no voltage
has been lost, if Bernoulli’s equation still holds, then
the water at Point (4) must rise to the same height as the
water at the surface in the town water tank.

Viscous Effects
We said that the hydrodynamic analogy of voltage
involves familiar concepts. Sometimes the concepts
are too familiar. Has your shower suddenly turned cold
when someone in the kitchen drew hot water for
washing dishes; or turned hot when the toilet was
flushed? Or been reduced to a trickle when the laundry
was being washed? In all of these cases there was a
pressure drop at the shower head of either the hot water,
the cold water, or both. A pressure drop means that you
are getting lower voltage water at the shower head than
was supplied by the town water tank (or by your home
pressure tank).
The hydrodynamic voltage drop results from the fact
that you are trying to draw too much water through
small pipes, viscous forces become important, and
Bernoulli’s equation no longer applies. Viscous forces
always cause a drop in the hydrodynamic voltage. This
voltage drop can be seen in a classroom demonstration,
Figure (24), where we have inserted a series of small
barometer tubes in a relatively small flow tube. If we
run a relatively high speed stream of water through the
flow tube, viscous effects become observable and the
pressure drops as the water flows down the tube. The
pressure drop is made clear by the decreasing heights
of the water in the barometer tubes as we go downstream.

In some sense, the town water tank serves as a huge
“battery” to supply the hydrodynamic voltage for the
town water system.
Heights in barometer tubes
dropping due to viscosity

v

Figure 24

Figure 18a repeated

Venturi demonstration.

If we have a fairly fast flow in a fairly small tube,
viscosity causes a pressure drop, or as we are
calling it, a "hydrodynamic voltage" drop down the
tube. This voltage drop is seen in the decreasing
heights of the water in the barometer tubes.
(In our Venturi demonstration of Figure (18a), the
heights are lower on the exit side than the entrance
side due to viscosity acting in the constriction.)
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VORTICES
The flows we have been considering, water in a pipe,
air past a sailboat sail, are tame compared to a striking
phenomena seen naturally in the form of hurricanes
and tornados. These are examples of a fluid motion
called a vortex. They are an extension, to an atmospheric scale, of the common bathtub vortex like the
one we created in the funnel seen in Figure (25).
Vortices have a fairly well-defined structure which is
seen most dramatically in the case of the tornado (see
Figures 29 and 30). At the center of the vortex is the
core. The core of a bathtub vortex is the hollow tube of
air that goes down the drain. In a tornado or water
spout, the core is the rapidly rotating air. For a
hurricane it is the eye, seen in Figures (27) and (28),
which can be amazingly calm and serene considering
the vicious winds and rain just outside the eye.

Outside the core, the fluid goes around in a circular
pattern, the speed decreasing as the distance from the
center increases. It turns out that viscous effects are
minimized if the fluid speed drops off as 1/r where r is
the radial distance from the center of the core as shown
in Figure (26). At some distance from the center, the
speed drops to below the speed of other local disturbances and we no longer see the organized motion.
The tendency of a fluid to try to maintain a 1/r velocity
field explains why vortices have to have a core. You
cannot maintain a 1/r velocity field down to r = 0, for
then you would have infinite velocities at the center. To
avoid this problem, the vortex either throws the fluid
out of the core, as in the case of the hollow bathtub
vortex, or has the fluid in the core move as a solid
rotating object (vθ = r ω) in the case of a tornado, or
has a calm fluid when the core is large (i.e., viscous
effects of the land are important) as in the case of a
hurricane.
While the tornado is a very well organized example of
a vortex, it has been difficult to do precise measurements of the wind speeds in a tornado. One of the best
measurements verifying the 1/r velocity field was
when a tornado hit a lumber yard, and a television
station using a helicopter recorded the motion of sheets
of 4' by 8' plywood that were scattered by the tornado.
(Using doppler radar, a wind speed of 318 miles per
hour was recorded in a tornado that struck Oklahoma
city on May 3, 1999--a world wind speed record!)

Figure 25

Bathtub vortex in a funnel. We stirred
the water before letting it drain out.

vθ ∝ 1r

core

Figure 26

Vortices tend to have a circular velocity field about
the core, a velocity field vθ whose strength tends to
drop off as 1/r as you go out from the core.

Figure 27

Eye of hurricane Allen viewed from a satellite.
(Photograph courtesy of A. F. Haasler.)
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Figure 29

Figure 30

Tornado in Kansas.

A tornado over water is called a water spout.

Figure 28

Hurricane
approaching
the east
coast of
the U.S.
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Quantized Vortices in Superfluids
For precision, nothing beats the “quantized” vortex in
superfluid helium. We have already mentioned that
superfluid helium flows up and down the little barometer tubes in a Venturi meter, giving no height difference and nullifying the effectiveness of the device as a
velocity meter. This happened because superfluid
helium has NO viscosity (absolutely none as far as we
can tell) and can therefore flow into tiny places where
other fluids cannot move.
More surprising yet is the structure of a vortex in
superfluid helium. The vortex has a core that is about
one atomic diameter across (you can’t get much smaller
than that), and a precise 1/r velocity field outside the
core. Even more peculiar is the fact that the velocity
field outside the core is given by the formula
vθ = κ
2πr

;

κ =

h
mHe

(24)

where κ , called the “circulation of the vortex”, has the
precisely known value h mHe , where mHe is the mass
of a helium atom, and h is an atomic constant known as
Planck’s constant. The remarkable point is that the
strength of a helium vortex has a precise value determined by atomic scale constants. (This is why we say
that vortices in superfluid helium are quantized.) When
we get to the study of atoms, and particularly the Bohr
theory of hydrogen, we can begin to explain why
helium vortices have precisely the strength κ = h mHe.
For now, we are mentioning vortices in superfluid
helium as examples of an ideal vortex with a welldefined core and a precise 1/r velocity field outside.
Quantized vortices of a more complicated structure
also occur in superconductors and play an important
role in the practical behavior of a superconducting
material. The superconductors that carry the greatest
currents, and are the most useful in practical applications, have quantized vortices that are pinned down and
cannot move around. One of the problems in developing practical applications for the new high temperature
superconductors is that the quantized vortices tend to
move and cause energy losses. Pinning these vortices
down is one of the main goals of current engineering
research.

Exercise 5
This was an experiment, performed in the 1970s to
study how platelets form plaque in arteries. The idea
was that platelets deposit out of the blood if the flow of
blood is too slow. The purpose of the experiment was
to design a flow where one could easily see where the
plaque began to form and also know what the velocity
of the flow was there.
The apparatus is shown in Figure (31). Blood flows
down through a small tube and then through a hole in a
circular plate that is suspended a small distance d
above a glass plate. When the blood gets to the glass
it flows radially outward as indicated in Figure (31c). As
the blood flowed radially outward, its velocity decreases.
At a certain radius, call it rp , platelets began to deposit
on the glass. The flow was photographed by a video
camera looking up through the glass.
For this problem, assume that the tube radius was
rt = .4mm, and that the separation d between the circular
plate and the glass was d = .5 mm. If blood were flowing
down the inlet tube at a rate of half a cubic centimeter
per second, what is the average speed of the blood
a) inside the inlet tube?
b) at a radius rp = 2cm out from the hole in the circular
plate?
(By average speed, we mean neglect fluid friction at
walls, and assume that the flow is uniform across the
radius of the inlet pipe and across the gap as indicated
in Figure (31d).
Exercise 6
A good review of both the continuity equation and
Bernoulli’s equation, is to derive on your own, without
looking back at the text, the formula
v1 =

2gh
A12/A22 – 1

(21)

for the flow speed in a venturi meter. The various
quantities v1 , h, A1 and A2 are defined in Figure (18)
reproduced on the opposite page. (If you have trouble
with the derivation, review it in the text, and then a day
or so later, try the derivation again on your own.
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blood flowing
in through tube

blood flowing
radially outward

a)
c ir c ular m e t a l p l a t e
glass plate

tube of inner
radius rtube

b)

gap thickness d

radius at which
platelets form

c)

rtube

blood flow

rp

Figure 31 a,b,c

Experiment to measure the blood flow velocity at which platelets stick
to a glass plate. This is an application of the continuity equation.

blood flow

(B)

(A)
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h
(4)

(1)
Figure 31d

Neglect fluid friction at walls, and assume
that the flow is uniform across the radius
of the inlet pipe and across the gap

v1

v2
(2)
A2

A1
Figure 18

Venturi meter. Since the water flows faster through
the constriction, the pressure is lower there. By using
vertical tubes to measure the pressure drop, and using
Bernoulli's equation and the continuity equation, you
can determine the flow speeds v1 and v2 .
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