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MAGNETISM

In our discussion of the four basic interactions, we saw
that electric forces are very strong but in most circumstances tend to cancel. The strength of the forces are
so great, but the cancellation is so nearly complete that
the slightest imbalance in the cancellation leads to
important effects such as molecular forces. As illustrated in Figure (18-6) reproduced here, a positively
charged proton brought up to a neutral hydrogen atom
experiences a net attractive force because the negative
charge in the atom is pulled closer to the proton. This
net force is the simplest example of the type of molecular force called a covalent bond.
In this chapter we will study another way that the
precise balance between attractive and repulsive electric forces can be upset. So far in our discussion of
electrical phenomena such as the flow of currents in
wires, the charging of capacitors, etc., we have ignored
the effects of special relativity. And we had good
reason to. We saw that the conduction electrons in a
wire move at utterly nonrelativistic speeds, like two

millimeters per minute. One would not expect phenomena like the Lorentz contraction or time dilation to play
any observable role whatever in such electrical phenomena.
But, as we shall see, observable effects do result from
the tiny imbalance in electric forces caused by the
Lorentz contraction. Since these effects are not describable by Coulomb’s law, they are traditionally
given another name—magnetism. Magnetism is one of
the consequences of requiring that the electrical force
law and electric phenomena be consistent with the
principle of relativity.
Historically this point of view is backwards. Magnetic
effects were known in the time of the ancient Greeks.
Hans Christian Oersted first demonstrated the connection between magnetic and electric forces in 1820 and
James Clerk Maxwell wrote out a complete theory of
electromagnetic phenomena in 1860. Einstein did not
discover special relativity until 1905. In fact, Einstein
used Maxwell’s theory as an important guide in his
discovery.
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Figure 18-6

The net attraction between a positive
charge and a neutral atom is caused by a
redistribution of charge in the atom.

proton

If you follow an historical approach, it appears that
special relativity is a consequence of electricity theory,
and a large number of physics texts treat it that way.
Seldom is there a serious discussion of special relativity until after Maxwell’s theory of electricity has been
developed. This is considered necessary in order to
explain the experiments and arguments that lead to the
discovery of the special theory.
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But as we know today, electricity is one of but several
basic forces in nature, and all of them are consistent
with special relativity. Einstein’s famous theory of
gravity called general relativity can be viewed as a
repair of Newton’s theory of gravity to make it consistent with the principle of relativity. (This “repair”
produced only minor corrections when applied to our
solar system, but has sweeping philosophical implications.) If the principle of relativity underlies the
structure of all forces in nature, if all known phenomena are consistent with the principle, then it is not
especially necessary to introduce special relativity in
the context of its historical origins in electromagnetic
theory.
In this chapter we are taking a non-historical point of
view. We already know about special relativity (from
chapter one), and have just studied Coulomb’s electrical force law and some simple applications like the
electron gun and basic circuits. We would now like to
see if Coulomb's law is consistent with the principle of
relativity. In some sense, we would like to do for
Coulomb’s law of electricity what Einstein did to
Newton’s law of gravity.

Two Garden Peas
In preparation for our discussion of relativistic effects
in electricity theory, let us review a homely example
that demonstrates both how strong electric forces actually are, and how complete the cancellation must be for
the world to act the way it does. Suppose we had two
garden peas, each with a mass of about 2 grams,
separated by a distance of 1 meter. Each pea would
contain about one mole (6 × 1023 ) of protons in the
atomic nuclei, an equal number of electrons surrounding the nuclei. Thus each pea has a total positive charge
+Q in the protons given by
total positive
charge in a
garden pea

≈ 6 × 10 23e
= 6 × 10 23 × 1.6 × 10 -19

(1)

5

= 10 coulombs

and there is an equal and opposite amount of negative
charge in the electrons.
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When two peas are separated by a distance of 1 meter
as shown in Figure (1), we can think of there being four
pairs of electric forces involved. The positive charge in
pea (1) repels the positive charge in pea (2) with a force
of magnitude
repulsive force
between positive
charge in
the two peas

m

3

QQ

=

(2)

4πε0 r2

Let us put numbers into Equation (2) to see how big
these cancelling electric forces are. Equation (2) can be
viewed as giving the net force if we removed all the
electrons from each garden pea, leaving just the pure
positive charge of the protons. The result would be
2

Q

sec2

= 9.8 × 10 3 newtons

Expressing the force between our two positively charged
peas in metric tons we get
repulsive force
between two
positive peas
1 meter apart

19

=

8.8 × 10 newtons
3

9.8 × 10 newtons/ton

≈ 10 15 tons !

(4)
If we stripped the electrons from two garden peas, and
placed them one meter apart, they would repel each
other with an electric force of 1015 tons!! Yet for two
real garden peas, the attractive and repulsive electric
force cancel so precisely that the peas can lie next to
each other on your dinner plate.

2

4πε0r

Exercise 1
2

=

Fg (1 metric ton) = mg
= 10 kg × 9.8

which gives rise to one pair of repulsive forces. The
negative charges in each pea also repel each other with
a force of the same magnitude, giving rise to the second
repulsive pair of electric forces. But the positive charge
in Pea (1) attracts the negative charge in Pea (2), and the
negative charge in Pea (1) attracts the positive charge
in Pea (2). This gives us two pairs of attractive forces
that precisely cancel the repulsive forces.

F =

To put this answer in a more recognizable form, note
that the weight of one metric ton (1000 kg) of matter is

Calculate the strength of the gravitational force between
the peas. How much stronger is the uncancelled
electric force of Equation (3)?

5
(10 coulombs)

4π × 9 × 10 -12 × (1)2

= 8.8 × 10

19

newtons

(3)

pea

pea

1

2

Figure 1

Electric forces between two garden peas. On
pea #1, there is the attractive force between the
protons in pea #1 and the electrons in pea #2,
and between the electrons in pea #1 and the
protons in pea #2. The two repulsive forces are
between the electrons in the two peas and the
protons in the two peas. The net force is zero.

With forces of the order of 1015 tons precisely canceling in two garden peas, we can see that even the tiniest
imbalance in these forces could lead to striking results.
An imbalance of one part in 1015, one part in a million
billion, would leave a one ton residual electric force.
This is still huge. We have to take seriously imbalances
that are thousands of times smaller. One possible
source of an imbalance is the Lorentz contraction, as
seen in the following thought experiment.
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A THOUGHT EXPERIMENT
In our previous discussion of electric currents, we had
difficulty drawing diagrams showing the electrons
flowing through the positive charge. To clarify the role
of the positive and negative charge, we suggested a
model of a copper wire in which we think of the positive
and negative charge as being attached to separate rods
as shown in Figure (27-5a) repeated here. In that model
the rods have equal and opposite charge to represent the
fact that the copper wire is electrically neutral, and the
negative rod is moving to represent the electric current
being carried by a flow of the negative conduction
electrons.
The point of the model in Figure (27-5) was to show
that a left directed negative current, seen in (a) is
essentially equivalent to a right directed positive current seen in (b). In Figure (27-5a), we drew a stick
figure diagram of a person walking to the left at the
same speed v as the negative rod. Figure (27-5b) is the
same setup from the point of view of the stick figure
person. She sees the negative rod at rest and the
positive rod moving to the right as shown.
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a) observer walking along with the moving
negatively charged rod
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b) from the observer's point of view the negative
rod is at rest and the positive charge is moving
to the right

Figure 27-5 a,b

In (a) we have a left directed negative current, while in
(b) we have a right directed positive current. The only
difference is the perspective of the observer. (You can
turn a negative current into an oppositely flowing
positive one simply by moving your head.)

In another calculation, we saw that if a millimeter cross
section copper wire carried a steady current of one
ampere, the conduction electrons would have to move
at the slow speed of 1/27 of a millimeter per second, a
motion so slow that it would be hard to detect. As a
result there should be no important physical difference
between the two points of view, and a left directed
negative current should be physically equivalent to a
right directed positive current.
A closer examination of Figure (27-5) shows that we
have left something out. The bottom figure, (27-5b) is
not precisely what the moving observer sees. To show
what has been left out, we have in Figure (2a) redrawn
Figure (27-5a) and carefully labeled the individual
charges. To maintain strict overall charge neutrality we
have used charges +Q on the positive rod, charges -Q
on the negative rod, and both sets of charges have equal
separations of centimeters.
From the point of view of the moving observer in
Figure (2b), the negative rod is at rest and the positive
rod is moving to the right as we saw back in Figure (275b). But, due to the Lorentz contraction, the spacing
between the charges is no longer ! Since the positive
rod was at rest and is now moving, the length of the
positive spacing must be contracted to a distance
1 - v2 /c2 as shown.
On the other hand the negative rod was moving in
Figure (2a), therefore the negative spacing must expand to / 1 - v2 /c2 when the negative rod comes to
rest. (Start with a spacing / 1 - v2 /c2 for the negative
charges at rest in Figure (2b), and go up to Figure (2a)
where the negative rod is moving at a speed v. There the
spacing must contract by a factor 1 - v2 /c2 , and the
new spacing is / 1 - v2 /c2 × 1 - v2 /c2 = as
shown.)
As a result of the Lorentz contraction, the moving
observer will see that the positive charges on her
moving rod are closer together than the negative charges
on her stationary rod. (We have exaggerated this effect
in our sketch, Figure (2b)). Thus the moving observer
of Figure (2b) sees not only a right directed positive
current, but also a net positive charge density on her
two rods. The Lorentz contraction has changed a
neutral wire in Figure (2a) into a positively charged one
in Figure (2b)!
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a) Observer walking along with the moving negatively
charged rod.
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b) Charged rods from the observer's point of view. Now
that the positive charge is moving, the spacing
between positive charges has contracted from
to 1– v 2 /c 2 . The negative rod is now at rest, the
Lorentz contraction is undone, and the negative
spacing has expanded from to / 1– v 2/c 2.
Figure 2

An electric current from two points of view.
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Charge Density on the Two Rods
Our next step will be to calculate the net charge density
λ on the pair of rods shown in Figure (2b). Somewhat
messy algebra is required for this calculation, but the
result will be used in much of the remainder of the text.
The effort will be worth it.
If we have a rod with charges spaced a distance d apart
as shown in Figure (3), then a unit length of the rod, 1
meter, contains 1/d charges. (For example, if d = .01
meter, then there will be 1/d = 100 charges per meter.)
If each charge is of strength Q, then there is a total
charge Q/d on each meter of the rod. Thus the charge
density is λ = Q/d coulombs per meter. Applying this
result to the positive rod of Figure (2b) gives us a
positive charge density
λ+ =

Q
=
d+

Q

(5)

2 2

1 - v /c

And on the negative rod the charge density is
λ– =

=

/

1 – v 2/c2

λ–

–Q

(6)

1 – v 2/c2

1 – v 2/c2

×

1 – v 2/c2
2 2

1 – v /c
–Q

=

2

2

1– (1– v 2 /c2)

1– v /c

v2

Q

λ =

1– v 2 /c2

c2

= λ+

v2
c2

(8)

Equation (8) can be simplified by noting that the
current i carried by the positive rod in Figure (2b) is
equal to the charge λ + on 1 meter of the rod times the
speed v of the rod
i = λ+ v

current i
carried by the
positive rod

(9)

(In one second, v meters of rod move past any fixed
cross-sectional area, and the charge on this v meters of
rod is λ + v.) Using Equation (9), we can replace λ + and
one of the v’s in Equation (8) by i to get the result
λ =

Multiplying the top and bottom of the right side of
Equation (6) by 1 - v2 /c2 , we can write λ – as
=

Q

λ = λ + + λ– =

–Q

–Q
=
d–
–Q

The net charge density λ is obtained by adding λ + and
λ – of Equations (5) and (7) to get

(7)

1 – v 2/c2

1 – v 2/c2

λ coulombs/meter = Q/d

d
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+

+

+
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+

+

Q

Q

Q

Q

Q

Q

Q

Figure 3

If the charges are a distance d apart, then there are
1/d charges per meter of rod. (If d = .1 meters, then
there are 10 charges/meter.) If the magnitude of
each charge is Q, then λ , the charge per meter is Q
times as great, i.e., λ = Q * (1/d).

iv
c2

(10)

Due to the Lorentz contraction , the moving observer in
Figure (2b) sees a net positive charge density λ = iv c2
on the wire which from our point of view, Figure (2a)
was precisely neutral.
Although Equation (10) may be formally correct, one
has the feeling that it is insane to worry about the
Lorentz contraction for speeds as slow as 2 millimeters
per minute. But the Lorentz contraction changes a
precisely neutral pair of rods shown in Figure (2a), into
a pair with a net positive charge density λ = iv/c2 in
Figure (2b). We have unbalanced a perfect cancellation of charge which could lead to an imbalance in the
cancellation of electrostatic forces. Since we saw from
our discussion of the two garden peas that imbalances
as small as one part in 1018 or less might be observable,
let us see if there are any real experiments where the
charge density λ is detectable.
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A Proposed Experiment
How would we detect the charge imbalance in Figure
(2b)? If there is a net positive charge density l on the two
rods in Figure (2b), repeated here again in Figure (4),
then the net charge should produce a radial electric field
whose strength is given by the formula
λ
(11)
2πε0r
We derived this result in our very first discussions of
Coulomb’s law in Chapter 24. (Remember that the two
separate rods are our model for a single copper wire
carrying a current. The rods are not physically separated as we have had to draw them, the negative
conduction electrons and positive nuclei are flowing
through each other.)
E =

wire as shown in Figure (4). This test particle should
experience a force
(12)

F = qE

which would be repulsive if the test particle q is positive
and attractive if q is negative. Using Equations (10) for
λ and (11) for E, Equation (12) gives for the predicted
magnitude of F:
F = qE =

qλ
q iv
=
2πε0r
2πε0rc2

(13)

Rearranging the terms on the right side of Equation
(13), we can write F in the form

We can test for the existence of the electric field
produced by the positive charge density λ = iv/c2 by
placing a test particle of charge q a distance r from the

i

F = qv×

(14)

2

2πrε0c

Why we have written Equation (14) this way will
become clear shortly.

1– v 2 /c 2
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/
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1– v 2/c 2

+q
F = qE
Figure 4

To test for the net charge density, as seen by the observer at rest
relative to the minus charge, the observer places a test charge q a
distance r from the wire as shown. If there is a net charge λ on
the wire, the charge will produce an electric field E, which will
exert a force F= qE on the test particle as shown.

v
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Origin of Magnetic Forces
You might think that the next step is to put reasonable
numbers into Equation (14) and see if we get a force F
that is strong enough to be observed. But there is an
important thought experiment we will carry out first.
The idea is to look at the force on a test particle from two
different points of view, one where the wire appears
charged as in Figures (4 & 2b), and where the wire
appears neutral as in Figure (2a). The two points of
view are shown in Figure (5).
Figure (5b), on the left, is the situation as observed by
the moving observer. She has a copper wire carrying
a positive current directed to the right. Due to the
Lorentz contraction, her copper wire has a charge
density λ which creates an electric field E. To observe
E, she mounts a test particle -q at one end of a spring
whose other end is fixed, nailed to her floor. She detects
the force F = –qE by observing how much the spring
has been stretched.
Our point of view is shown in Figure (5a). It is exactly
the same setup, we have touched nothing! It is just
viewed by someone moving to the right relative to her.
In our point of view, the moving observer, the negative
rod, and the test particle are all moving to the left at a

speed v. The positive rod is at rest, the Lorentz
contractions are undone, and there is no net charge on
our rods. All we have is a negative current flowing to
the left.
We can also see the test particle. It is now moving to
the left at a speed v, and it is still attached to the spring.
Here is the crucial point of this discussion. We also
see that the spring is stretched. We also see that the
end of the spring has been pulled beyond the mark
indicating the unstretched length. We also detect the
force F on the test particle!
Why do we see a force F on the test particle? Our
copper wire is electrically neutral; we do not have an
electric field E to produce the force F . Yet F is there.
If we cut the spring, the test particle would accelerate
toward the copper wire, and both we and the moving
observer would see this acceleration.
At this point, we have come upon a basic problem.
Even if the Lorentz contraction is very small and the
force F in Figure (5b) is very small, we at least predict
that F exists. In Figure (5a) we predict that a neutral
wire, that is carrying a current but has absolutely no net
charge on it, exerts an attractive force on a moving
negative charge as shown.
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F

F=–qE

–q
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v

–q

spring
unstretched
length of
spring

nail

(b) her view

v

unstretched
length of
spring

(a) our view

Figure 5

Two views of the same experiment. For the observer moving with the electrons, she sees a positively charged wire
exerting an attractive force on the negative charge at rest. We see an electrically neutral wire carrying a negative
current, and a moving negative charge. The spring is still stretched, meaning the attractive force is still there.
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With a few modifications, the experiment shown in
Figure (5a) is easy to perform and gives clear results.
Instead of a negative test particle attached to a spring,
we will use a beam of electrons in an electron gun as
shown in Figure (6). In Figure (6a) we see the setup of
our thought experiment. In Figure (6b) we have
replaced the two charged rods with a neutral copper
wire carrying a current -i, and replaced the test particle
with an electron beam.
According to Equation (14), the force F on the test
particle -q should have a strength proportional to the
current i in the wire. Thus when we turn on a current
(shorting the wire on the terminals of a car storage
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battery to produce a healthy current) we will see the
electron beam deflected toward the wire if there is an
observable force. The experimental result is shown in
Figure (6c). There is a large, easily observed deflection. The force F is easily seen.
Exercise 2
In Figure (7) we reversed the direction of the current in
the wire and observe that the electron beam is deflected
away from the wire. Devise a thought experiment,
analogous to the one shown in Figure (5a,b) that explains why the electron beam is repelled from the wire
by this setup. (This is not a trivial problem; you may have
to try several charge distributions on moving rods
before you can imitate the situation shown in Figure (7a).
But the effort is worth it because you will be making a
physical prediction that is checked by the experimental
results of Figure (7b).

F
(a) thought
experiment

v

–q
Figure 6d Movie

Movie showing
magnetic deflection.

–i

–i
copper wire

copper wire

(b) proposed
experiment

proposed
experiment

electron
beam

electron gun

electron gun

Figure 6c

For an experimental test of the results of the thought
experiment, we replace the moving negative charge
with a beam of electrons in an electron gun. The
electrons are attracted to the wire as predicted.

electron
beam

Figure 7

If we reverse the direction of the current in the wire,
the electrons in the beam are repelled
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Magnetic Forces
Historically an electric force was defined as the force
between charged particles and was expressed by
Coulomb’s law. The force in Figure (5a) between a
moving test charge and an uncharged wire does not
meet this criterion. You might say that for historical
reasons, it is not eligible to be called an electric force.
The forces we saw in Figures (6c) and (7b), between a
moving charge and a neutral electric current, were
known before special relativity and were called magnetic forces. Our derivation of the magnetic force in
Figure (5a) from the electric force seen in Figure (5b)
demonstrates that electric and magnetic forces in this
example are the same thing just seen from a different
point of view.
When we go from Figure (5b) to (5a), which we can do
by moving our head at a speed of 2 millimeters per
minute, we see essentially no change in the physical
setup but we have an enormous change in perspective.
We go from a right directed positive current to a left
directed negative current, and the force on the test
particle changes from an electric to a magnetic force.

MAGNETIC FORCE LAW
From our Coulomb’s law calculation of the electric
force in Figure (5a), we were able to obtain the formula
for the magnetic force in Figure (5b). The result,
Equation (14) repeated here, is
F = qv×

i
2

(14)

2πrε0c

where q is the charge on the test particle, i the current
in the wire, and r the distance from the wire to the charge
as shown in Figure (8). The only thing our derivation
does not make clear is whether v in Equation (14) is the
speed of the test charge or the speed of the electrons in
the wire. We can’t tell because we used the same speed
v for both in our thought experiment. A more complex
thought experiment will show that the v in Equation
(14) is the speed of the test particle.
The Magnetic Field B
In Equation (14) we have broken the somewhat complex formula for the magnetic force into two parts. The
first part qv is related to the test charge (q is its charge
and v its speed), and the second part in the curly
brackets, which we will designate by the letter B
i
B ≡
(15)
2π rε0c2
is related to the wire. The wire is carrying a current i and
located a distance r away.
The quantity B in Equation (15) is called the magnitude
of the magnetic field of the wire, and in terms of B the
magnetic force becomes

–i

F
v

Fmagnetic = qvB
r

–q

Figure 8

Force on a charge -q moving at a speed v parallel to
a negative current -i a distance r away.

(16)

Equation (16) is almost a complete statement of the
magnetic force law. What we have left to do for the law
is to assign a direction to B, i.e. turn it into the vector B,
and then turn Equation (16) into a vector equation for
the force Fmagnetic.
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There is one more definition. In the MKS system of
units, it is traditional to define the constant µ0 by the
equation
µ0 =

1
ε 0c 2

definition of µ0

(17)

Using this definition of µ0 in Equation (15) for B, we
get
B =

µ 0i
2π r

magnetic field of a wire

(18)

as the formula for the magnetic field of a wire.
It turns out to be quite an accomplishment to get
Equations (16), (17), and (18) out of one thought
experiment. These equations will provide the foundation for most of the rest of our discussion of electric and
magnetic (electromagnetic) theory.

Direction of the Magnetic Field
We will temporarily leave our special relativity thought
experiment and approach magnetism in a more traditional way. Figure (9) is a sketch of the magnetic field
of the earth. By convention the direction of the
magnetic field lines are defined by the direction that a
compass needle points. At the equator the magnetic
field lines point north (as does a compass needle) and
the field lines are parallel to the surface of the earth. As
we go north from the equator the magnetic field lines
begin to point down into the earth as well as north. At
the north magnetic pole the magnetic field lines go
straight down.
Figure (9) is drawn with the magnetic north pole at the
top. The earth’s rotational axis, passing through the
true north pole, is at an angle of 11.5 degrees as shown.
Over time the location of the earth’s magnetic pole
wanders, and occasionally flips down to the southern
hemisphere. Currently the north magnetic pole is
located in north central Canada.

N

North magnetic pole

Earth's rotational axis

Magnetic field lines
pointing north

S
Figure 9

Magnetic field of the earth. The magnetic field lines show that the direction a freely floating compass
needle would point at any location outside the earth. For example, at the equator the compass needle
would be parallel to the surface of the earth and point north. At the north magnetic pole, the compass
needle would point straight down (and thus not be very useful for navigation).
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As we mentioned, it is by long standing convention that
the direction of the magnetic field is defined by the
direction a compass needle points. We can therefore
use a set of small compasses to map the direction of the
magnetic field.
In 1820, while preparing a physics lecture demonstration for a class of students, Hans Christian Oersted
discovered that an electric current in a wire could

deflect a compass needle. This was the first evidence
of the connection between the subject of electricity
with its charges and currents, and magnetism with its
magnets and compasses.
The fact that a wire carrying a current deflects a
compass needle means that the current must be producing a magnetic field. We can use the deflected compass
needles to show us the shape of the magnetic field of
a wire. This is done in Figures (10a,b) where we see a
ring of compasses surrounding a vertical wire. In (10a)
there is no current in the wire, and all the compass
needles all point north (black tips). In (10b) we have
turned on an upward directed current in the wire, and
the compass needles point in a circle around the wire.
Using the north pole of the compass needle to define
the direction of the magnetic field, we see that the
magnetic field goes in a counterclockwise circle around
the wire.

With no current flowing in the wire,
all the compass needles point north.

In Figure (11) we have replaced the compasses in
Figure (10) with a sprinkle of iron filings. When the
current in the wire is turned on, the iron filings align
themselves to produce the circular field pattern shown.
What is happening is that each iron filing is acting as a
small compass needle and is lining up parallel to the
magnetic field. While we cannot tell which way is
north with iron filings, we get a much more complete

Figure 10b

Figure 11

When an upward directed current is turned on,
the compass needles point in a
counterclockwise circle about the wire.

Iron fillings sprinkled around a current form a circular
pattern. Each iron filing lines up like a compass needle,
giving us a map of the magnetic field.

Figure 10a
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picture or map of the direction of the magnetic field.
Figure (11) is convincing evidence that the magnetic
field surrounding a wire carrying a current is in a
circular field, not unlike the circular flow pattern of
water around the core of a vortex.
The use of iron filings turns out to be a wonderfully
simple way to map magnetic field patterns. In Figure
(12), a sheet of cardboard was placed on a bar magnet
and iron filings sprinkled on the cardboard. The result,
with two poles or points of focus resembles what is
called a dipole field.
In Figure (13) we have thrown iron filings at an old iron
magnet and created what one young observer called a
“magnet plant.” Here we see the three dimensional
structure of the magnetic field, not only between the
pole pieces but over the top half of the magnet.

The Right Hand Rule for Currents
Iron filings give us an excellent picture of the shape of
the magnetic field, but do not tell us which way the field
is pointing. For that we have to go back to compasses
as in Figure (9), where B is defined as pointing in the
direction of the north tip of the compass needle. In that
figure we see that when a positive current i is flowing
toward us, the magnetic field goes in a counter clockwise direction as illustrated in Figure (14).
The above description for the direction may be hard to
remember. A more concise description is the following. Point the thumb of your right hand in the
direction of the current as shown in Figure (14), then
your fingers will curl in the direction of the magnetic
field. This mnemonic device for remembering the
direction of B is one of the right hand rules. (This is
the version we used in Figure 2-37 to distinguish right
and left hand threads.) If we had used compasses that
pointed south, we would have gotten a left hand rule.

i

B
Figure 12

A sheet of cardboard is placed over the poles of a
magnet and sprinkled with iron filings. From the
pattern of the filings we see the shape of the more
complex magnetic field of the magnet.

Figure 14

Right hand rule for the magnetic field of a
current i. Point the thumb in the direction of
the positive current and your fingers curl in
the direction of the magnetic field.
Figure 13

You get a three dimensional picture of the magnetic
field if you pour the iron filings directly on the magnet.
Our young daughter called this a Magnet Plant.
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Parallel Currents Attract
While we are in the business of discussing mnemonic
rules, there is another that makes it easy to remember
whether a charge moving parallel to a current is attracted or repelled. In Figure (6) we had a beam of
negative electrons moving parallel to a negative current -i, and the electrons were attracted to the current.
In Figure (7) the current was reversed and the electrons
were repelled. One can work out a thought experiment
similar to the ones we have done in this chapter to show
that a positive charge moving parallel to a positive
current as shown in Figure (15) is attracted.
The simple, yet general rule is that parallel currents
attract, opposite currents repel. A positive charge
moving in the direction of a positive current, or a
negative charge moving along with a negative current
are attracting parallel currents. When we have negative
charges moving opposite to a negative current as in
Figure (7) we have an example of opposite currents that
repel.

The Magnetic Force Law
Now that we have a direction assigned to the magnetic
field B we are in a position to include directions in our
formula for magnetic forces. In Figure (16) which is
the same as (15) but also shows the magnetic field, we
have a positive charge moving parallel to a positive
current, and therefore an attractive force whose magnitude is given by Equation (16) as
(16)

Fmag = qvB

There are three different vectors in Equation (16),
Fmag, v, and B. Our problem is to see if we can combine
these vectors in any way so that something like Equation (16) tells us both the magnitude and the direction
of the magnetic force Fmag. That is, can we turn
Equation (16) into a vector equation?
+i

+i

v

B

+q

Fmag

v
+q
Fmagnetic

(a) side view

B
Figure 15

A positive charge, moving parallel to a positive
current, is attracted by the current. Thinking of
the moving positive charge as a positive upward
directed current, we have the rule that parallel
currents attract, opposite currents repel.

i up

Fmag

+q

(b) top view
Figure 16

The directions of the vectors Fmag, v and B for a
positive charge moving parallel to a positive current.
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The right hand side of Equation (16) involves the
product of the vectors v and B. So far in the text we
have discussed two different ways of multiplying
vectors; the dot product A⋅B which gives a scalar
number C, and the cross product A× B which gives the
vector C. Since we want the product of v and B to give
us the vector Fmag, the cross product appears to be the
better candidate, and we can try
magnetic
force law

Fmag = qv × B

(19)

as our vector equation.
To see if Equation (19) works, look at the three vectors
v, B, and Fmag of Figure (16) redrawn in Figure (17).
The force Fmag is perpendicular to the plane defined by
v and B which is the essential feature of a vector cross
product. To see if Fmag is in the correct direction, we
use the cross product right hand rule. Point the fingers
of your right hand in the direction of the first vector in
the cross product, in this case v, and curl them in the
direction of the second vector, now B. Then your
thumb will point in the direction of the cross product
v × B. Looking at Figure (17), we see that the thumb of
the right hand sketch does point in the direction of Fmag,
therefore the direction of Fmag is correctly given by the
cross product v × B. (If the direction had come out
wrong, we could have used B × v instead.)

Although the formula for Fmag, Equation (19), was
derived for a special case, the result is general. Whenever a particle of charge q is moving with a velocity v
through a magnetic field B, no matter what the relative
directions of v and B, the magnetic force is correctly
given as qv × B.
Exercise 3
Using the magnetic force law Fmag = qv × B and the
right hand rule for the magnetic field of a current, show
that:
(a) An electron moving parallel to a negative current -i
is attracted (Figure 6)
(b) An electron moving opposite to a negative current is
repelled (Figure 7)

Lorentz Force Law
Since electric and magnetic forces are closely related,
it makes sense to write one formula for both the electric
and the magnetic force on a charged particle. If we have
a charge q moving with a velocity v through an electric
field E and a magnetic field B, then the electric force is
qE, the magnetic force qv × B, and the total “electromagnetic” force is given by
F = qE + qv × B

v

B points back
into paper

Fmag = q v X B

B

Fmag

Figure 17

+q

Right hand rule for the vector cross product v × B.
Point the fingers of your right hand in the direction
of the first vector v, and then curl them in the
direction of the second vector B. Your thumb ends
up pointing in the direction of the vector v × B.

Lorentz
force law

(20)

Equation (20), which is known as the Lorentz force
law, is a complete description of the electric and
magnetic forces on a charged particle, provided E and
B are known.
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Dimensions of the
Magnetic Field, Tesla and Gauss
The dimensions of the magnetic field can be obtained
from the magnetic force law. In the MKS system we
have
F newtons = q coulombs v

meters
second

×B

which gives us B in units of newton seconds per
coulomb meter. This set of dimensions is given the
name tesla
newton second
≡ tesla
coulomb meter

MKSunits
for
magnetic
fields

(21)

Although most MKS electrical quantities like the volt
and ampere are convenient, the tesla is too large. Only
the strongest electromagnets, or the new superconducting magnets used in particle accelerators or magnetic
resonance imaging apparatus, can produce fields of the
order of 1 tesla or more. Fields produced by coils of
wire we use in the lab are typically 100 times weaker,
and the earth’s magnetic field is 100 times weaker still.
In the CGS system of units, magnetic fields are measured in gauss, where
1 gauss = 10

–4

tesla

worked only with tesla, you would have a hard time
communicating with much of the scientific community. What we will do in this text is use either gauss or
tesla depending upon which is the more convenient
unit. When we come to a calculation, we will convert
any gauss to tesla, just as we convert any distances
measured in centimeters to meters.
Uniform Magnetic Fields
Using the magnetic force law Fmag = qv × B to calculate magnetic forces is often the easy part of the
problem. The hard part can be to determine the
magnetic field B. For a current in a straight wire, we
were able to use a thought experiment and the Lorentz
contraction to get Equation (20) for the strength of B.
But in more complicated situations, where we may
have bent wires, thought experiments become too
difficult and we need other techniques for calculating
B.
One of the other techniques, which we will discuss in
the next chapter, is called Ampere’s law. This law will
give us the ability to calculate the magnetic field of
simple current distribution much the same way that
Gauss’ law allowed us to calculate the electric field of
simple charge distributions. But until we get to Ampere’s
law in the next chapter, we will confine our study of the
magnetic force law to the simplest of all possible
magnetic fields, the uniform magnetic field.

The gauss is so much more convenient a unit that there
is a major incentive to work with CGS units when
studying magnetic phenomena. For example the earth’s
magnetic field has a strength of about 1 gauss at the
earth’s surface, and the magnetic field that deflected
the electrons in Figures (6) and (7) has a strength of
about 30 gauss at the electron beam. Refrigerator
magnets have comparable strengths.
We could be pedantic, insist on using only MKS units,
and suffer with numbers like .00021 tesla in discussions of the earth’s magnetic field. But if someone
wants you to measure a magnetic field, they hand you
a “gauss meter” not a tesla meter. Magnetic-type
instruments are usually calibrated in gauss. If you

Figure 18

Between the poles of this magnet there
is a relatively uniform magnetic field.
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Working with uniform magnetic fields, fields that are
constant in both magnitude and direction, is so convenient that physicists and engineers go to great lengths
to construct them. One place to find a uniform field is
between the flat pole pieces of a magnet, as seen in
Figure (18) which is our “magnet plant” of Figure (13)
with fewer iron filings.

d

If we bend a wire in a loop, then a current around the
loop produces the fairly complex field pattern shown in
Figure (19). When we use two loops as seen in Figure
(20), the field becomes more complicated in some
places but begins to be more uniform in the central
region between the coils. With many loops, with the
coil of wire shown in Figure (21a), we get a nearly
uniform field inside. Such a coil is called a solenoid,
and will be studied extensively in the next chapter. An
iron filing map of the field of a large diameter, tightly
wound solenoid is seen in Figure (21b).

i

i

i

Figure 20

The magnetic field in the region between a pair of
coils is relatively uniform. We can achieve the
greatest uniformity by making the separation d
between the coils equal to the radius of the coils.
Such a setup is called a pair of Helmholtz coils.
Figure 19

The magnetic field of a current loop is fairly complex.

Section of coil
Figure 21a

Magnetic field in the upper half of a section of a
coil of wire. When you have many closely spaced
coils, the field inside can become quite uniform
through most of the length of the coil.

Figure 21b

Iron filing map of the magnetic field of a
large diameter coil. (Student project,
Alexandra Lesk and Kirsten Teany.)
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Helmholtz Coils
For now we will confine our attention to the reasonably
uniform field in the central region between two coils
seen in Figure (20). Helmholtz discovered that when
the coils are spaced a distance d apart equal to the coil
radius r (Figure 22), we get a maximally uniform field
B between the coils. This arrangement, which is called
a pair of Helmholtz coils, is commonly used in physics
and engineering apparatus. Figure (23) shows a pair of
Helmholtz coils we use in our undergraduate physics
labs and which will be used for several of the experiments discussed later. An iron filing map of the field
produced by these coils is seen in Figure (24a), and one
of the experiments will give us a field plot similar to
Figure (24b).
In our derivation of the magnetic field of a current in a
straight wire, we saw that the strength of the magnetic
field was proportional to the current i in the wire.
This is true even if the wire is bent to form coils, or even
twisted into a complex tangle. That means that once
you have mapped the magnetic field for a given current
(i) in a set of wires, doubling the current produces the
same shape map with twice as strong a field.

d

For the Helmholtz coils in Figure (23), it was observed
that when a current of one amp flowed through the
coils, the strength of the magnetic field in the central
regions was 8 gauss. A current of 2 amps produced a
16 gauss field. Thus the field strength, for these coils,
is related to the current i by
B gauss = 8i amps

for the Helmholtz
coils of
Figure (23)only

In the lab we measure the strength of B simply by
reading (i) from an ampmeter and multiplying by 8. Of
course, if you are using a different set of coils,(i) will be
multiplied by a different number. (Do not worry about
the mixed units, remember that we convert gauss to
tesla before doing MKS calculations.)
One can derive a formula for an idealized set of
Helmholtz coils. The derivation is complicated and the
answer B = 8µ0 N i/ 5 5 r is rather a mess. (N is the
number of turns in each coil.) The simple feature which
we expected, is that B is proportional to the strength of
the current (i) in the coils. Because another law, called
Faraday’s law, can be used to give us a more accurate
calibration of real Helmholtz coils, we will leave the
derivation of the Helmholtz formula above to other
texts.

r

d=r
Figure 22

For Helmholtz coils, the separation d equals the coil
radius r.

Figure 23

Helmholtz coils used in a number of lab
experiments discussed in the text. Each coil
consists of 60 turns of fairly heavy magnet wire.
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MOTION OF CHARGED PARTICLES
IN MAGNETIC FIELDS
In physics, one of the primary uses of magnetic fields
is to control the motion of charged particles. When the
magnetic field is uniform, the motion is particularly
simple and has many practical applications from particle accelerators to mass spectrometers. Here we will
discuss this motion and several of the applications.
The main feature of the magnetic force law,
(19)

Fmagnetic = qv × B

Figure 24a

Iron filing map of the magnetic field of the
Helmholtz coils. (Student project, Alexandra
Lesk and Kirsten Teany.)

is that because of the cross product v × B, the magnetic
force is always perpendicular to the velocity v of the
charged particle. This has one important immediate
consequence. Magnetic forces do no work! The
formula for the power, i.e., the work done per second,
is
Work done
per second

= power = F⋅v

(22)

by a force F

Since the magnetic force Fmag is always perpendicular
to v, we have
Work done by a
magnetic force

= Fmagnetic ⋅ v

(23)
= qv

×B

⋅v ≡ 0

magnetic fields do not change the energy of a particle,
they simply change the direction of motion.

Figure 24b

Plot from a student experiment, of the magnetic
field in the region between and around the coils.
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Helmholtz
coils

electron gun
v
B

F = (– e) v X B

side view
this way
Figure 25a

Top view looking down on the electron gun placed
between the Helmholtz coils. The electrons in the
beam move perpendicular to the magnetic field B.
The magnetic force F = (– e) v × B is directed up,
out of the paper in this drawing.

Motion in a Uniform Magnetic Field
When we have a charged particle moving through a
uniform magnetic field, we get a particularly simple
kind of motion—the circular motion seen in Figure
(25b). In Figure (25a) we sketched the experimental
setup where an electron gun is placed between a pair of
Helmholtz coils so that the magnetic field B is perpendicular to the electron beam as shown. Figure (25b) is
a photograph of the electron beam deflected into a
circular path. In Figure (25c) we have a sketch of the
forces on an electron in the beam. The magnetic field
B in this diagram is up out of the paper, thus v × B points
radially out from the circle. But the electron has a
negative charge, thus the magnetic force FB
FB = –e v × B

points in toward the center of the circle as shown.

v
–q

B directed
out of paper
F
F = (–q) v X B

Figure 25c
Figure 25b

Side view of the electron beam, as seen through the
lower coil in Figure 25a. In this view the magnetic
field is directed out of the paper toward the reader.

Figure 25d

Movie of the
experiment.

As the electrons move along a curved path, the
magnetic force F = – q v × B always remains
perpendicular to the velocity and therefore cannot
change the speed of the electrons. The resulting
motion is uniform circular motion where the
force and the acceleration are directed toward the
center of the circle.
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To apply Newton’s second law to the electrons in
Figure (25), we note that a particle moving in a circle
accelerates toward the center of the circle, the same
direction as Fmag in Figure (25c). Thus FB and ma are
in the same direction and we can use the fact that for
circular motion a = v2 /r to get FB = m a or
(24)

qvB = mv2 /r

Solving for r, we predict from Equation (24) that the
electron beam will be bent into a circle of radius r given
by
r=

mv
qB

(25)

Equation (25) is an important result that we will use
often. But it is so easy to derive, and it is such good
practice to derive it, that it may be a good idea not to
memorize it.
Let us use the experimental numbers provided with
Figure (25b) as an example of the use of Equation (25).
In that figure, the strength of the magnetic field is B =
70 gauss, and the electrons were accelerated by an
accelerating voltage of 135 volts. The constants m and
q are the mass and charge of an electron.

Next convert B from gauss to the MKS tesla
70 gauss = 70 × 10 – 4 tesla

Substituting Equations (26) and (27) in (25) gives
r =

mv
.911 × 10 -30 × 6.9 × 10 6
=
qB
1.6 × 10 -19 × 7 × 10 -3

r = 5.6 × 10 -3 m = .56 cm

Exercise 5
Use the experimental results shown in Figure (26) (B =
70 gauss) to estimate the accelerating voltage used for
the electrons in the beam. (The experimental answer is
included in the homework answer section.)

1 2
-19 joules
mv = 135 eV × 1.6 × 10
2
eV
v =

2 × 135 × 1.6 × 10
.911 × 10

= 47.4 × 10

12

v = 6.9 × 10 6

Figure 26

-19

Use the fact that the magnetic field for this
example was 70 gauss to estimate the accelerating
voltage that produced the electron beam.

-30

m2
s2

m
s

(26)

(28)

Exercise 4
The scale of distance shown in Figure (25b) was drawn
knowing the dimensions of the cap in the electron gun.
Use this scale to estimate the radius of curvature of the
electron beam and compare the result with the prediction of Equation (28).

The first step is to calculate the speed v of the electrons
using the fact that the electrons have 135 eV of kinetic
energy. We begin by converting from eV to joules
using the conversion factor 1.6 × 10 -19 joules per eV.
This gives

2

(27)
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Particle Accelerators
Our knowledge of the structure of matter on a subatomic scale, where we study the various kinds of
elementary particles, has come from our ability to
accelerate particles to high energies in particle accelerators such as the synchrotron. In a synchrotron, an
electric field E is used to give the particle’s energy, and
a magnetic field B is used to keep the particles confined
to a circular track.
Figure (27a) is a schematic diagram of a small electron
synchrotron. At the top is an electron gun that is used
to produce a beam of electrons. In practice the gun is
quickly turned on then off to produce a pulse of
electrons.
electron
gun

evacuated circular doughnut
through which electrons move

path of
electrons
top view

The pulse of electrons enter an evacuated circular track
shown in the top view. To keep the pulse of electrons
moving in the circular track, large electromagnets
shown in the cross-sectional view are used to provide
a perpendicular magnetic field. In this example the
magnetic field B points downward so that the magnetic
force qv × B = -ev × B points inward toward the
center of the track.
We saw that a magnetic field cannot do any work on the
electrons since the magnetic force is perpendicular to
the particle’s velocity. Therefore to give the electrons
more energy, we use an electric field E. This is done by
inserting into one section of the path a device that
produces an electric field so that the electric force -eE
points in the direction of the motion of the electrons.
One might think of using a charged parallel plate
capacitor to create the electric field E, but that is not
feasible. Later we will see that radio waves have an
electric field E associated with them, and it is a radio
wave electric field in a so-called “resonant cavity” that
is used to produce the required strong fields. For now
it does not matter how E is produced, it is this electric
field that adds energy to the electrons.

electric field
accelerates
electrons
cross-section
of doughnut

B

electromagnets

B

cross-sectional view
Figure 27a

Diagram of a synchrotron, in which the electrons,
produced by the electron gun, travel through a
circular evacuated doughnut. The electrons are
accelerated by an electric field, gaining energy on
each trip around. The electrons are kept in a
circular orbit by an increasingly strong magnetic
field produced by the electromagnets.

Figure 27b

The Berkeley synchrotron shown here, accelerated
protons rather than electrons. It was the first machine
with enough energy to create anti protons. After this
machine was built, ways were devised for focusing the
particle beam and using an evacuated doughnut with a
much smaller cross-sectional area.
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When electrons gain energy, their momentum p = mv
increases. Writing Equation (25) in the form
p
r = mv =
qB
qB

(25a)

we see that an increase in the electron’s momentum p
will cause the orbital radius r to increase. The radius r
will increase unless we compensate by increasing the
strength B of the magnetic field. The rate at which we
increase B must be synchronized with the rate at which
we increase the particle’s momentum p in order to
keep r constant and keep the electrons in the circular
path. Because of this synchronization, the device is
called a synchrotron.
You can see that the amount of energy or momentum
we can supply to the particles is limited by how strong
a field B we can make. Iron electromagnets can create
fields up to about 1 tesla (here the MKS unit is useful)
or 10,000 gauss. The superconducting magnets, being
used in the latest accelerator designs, can go up to
around 5 tesla.

Figure 28

The Fermi Lab accelerator has two accelerating
rings, one on top of the other. In each, the
evacuated doughnut is only 2 inches in diameter,
and four miles in circumference. The bottom ring
uses superconducting magnets (painted yellow),
while the older upper ring has iron magnets
(painted red and blue.)

Noting that B is limited to one or a few tesla, Equation
(25) tells us that to get more momentum or energy, we
must use accelerators with a bigger radius r. This
explains why particle accelerators are getting bigger
and bigger. The biggest particle accelerator now
operating in the United States is the proton accelerator
at the Fermi National Accelerator Laboratory in Batavia,
Illinois shown in Figures (28) and (29).
In Figure (28), we see a section of tunnel and the
magnets that surround the 2 inch diameter evacuated
pipe which carries the protons. Originally there was
one ring using iron magnets (painted red and blue in the
photograph). Later another ring with superconducting
magnets was installed, in order to obtain stronger
magnetic fields and higher proton energies. The ring of
superconducting magnets (painted yellow) is beneath
the ring of iron magnets.
Figure (29) is an aerial view showing the 4 mile
circumference of the accelerator. Currently the largest
accelerator in the world is at the European Center for
Particle Physics (CERN). The 27 kilometer path of that
accelerator is seen in Figure (30) on the next page.

Figure 29

Aerial view of the Fermi Lab particle accelerator.
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RELATIVISTIC ENERGY
AND MOMENTA
Even the smallest synchrotrons accelerate electrons
and protons up to relativistic energies where we can no
longer use the non relativistic formula 1/2 mv2 for
kinetic energy. For any calculations involving the large
accelerators we must use fully relativistic calculations
like E = mc2 for energy and p = mv for momentum
where m = m0/ 1 - v2 /c2 is the relativistic mass.
Equation (25) or (25a) for a charged particle moving in
a circular orbit of radius r, can be written in the form
p = qBr

(25b)

where B is the strength of the uniform magnetic field
and p the particle momentum. It turns out that Equation
(25) is correct even at relativistic energies provided
p = mv is the relativistic momentum. Thus a knowl-

edge of the magnetic field and orbital radius immediately tells us the momentum of the particles in the large
synchrotrons.
To determine the energy of the particles in these
machines, we need a relationship between a particle’s
energy E and momentum p. The relationship can be
obtained by writing out E and p in the forms
p = mv =

m0
2 2

(29)

v

1 - v /c
E = mc2 =

m0
2 2

c2

(30)

1 - v /c

It is then straightforward algebraic substitution
to show that
E2 = p 2 c2 + m02 c4

Figure 30

Path for the 8 kilometer circumference Super Proton Synchrotron (SPS, solid circle) and
the 27 kilometer Large Electron-Positron collider (LEP, dashed circle) at CERN, on the
border between France and Switzerland. The Geneva airport is in the foreground.

An exact
relationship

(31)
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Exercise 6
Directly check Equation (31) by plugging in the values
of p and E from Equations (29) and (30).

In the big particle accelerators the kinetic energy
supplied by the accelerators greatly exceeds the particle’s
rest energy m0 c2, so that the m0 c2 2 term in Equation
(31) is completely negligible. For these “highly relativistic” particles, we can drop the m02 c4 term in Equation
(31) and we get the much simpler formula
2

E ≈ pc

(32)

If E >> m0c

Equation (32) is an accurate relationship between
energy and momentum for any particle moving at a
speed so close to the speed of light that its total energy
E greatly exceeds its rest energy m0c2.
For the high energy particle accelerators we can combine Equations (25) and (32) to get
(33)

E = p c = qBrc

Consider CERN's Super Proton Synchrotron or SPS,
shown by the smaller solid circle in Figure (30), which
was used to discover the particles responsible for the
weak interaction. In this accelerator, the magnets produced fields of B = 1.1 tesla, and the radius of the ring
was r = 1.3km (for a circumference of 8km). Thus we
have
E = qBrc
= 1.6 × 10
×

-19

coulombs

1.3 × 10 3m

= 6.9 × 10

–8

×

×

1.1 tesla

3 × 10 8 m s

Exercise 7
a) The Fermi lab accelerator, with its radius of
1 kilometer, uses superconducting magnets to produce
beams of protons with a kinetic energy of 1000 GeV
1012 eV . How strong a magnetic field is required to
produce protons of this energy?
b) Iron electromagnets cannot produce magnetic
fields stronger than 2 tesla, which is why superconducting magnets were required to produce the 1000 GeV
protons discussed in part a). Before the ring with
superconducting magnets was constructed, a ring
using iron magnets already existed in the same tunnel.
The iron magnets could produce 1.5 tesla fields. What
was the maximum energy to which protons could be
accelerated before the superconducting magnets were
installed? (You can see both rings of magnets in Figure
28.)
Exercise 8
The large electron-positron (LEP) collider, being constructed at CERN, will create head on collisions between electrons and positrons. (Electrons will go around
one way, and positrons, having the opposite charge,
will go around the other.) The path of the LEP accelerator, which will have a circumference of 27 km, is shown
in Figure (30), superimposed on the countryside north
of Geneva, Switzerland.
a) Assuming that the LEP accelerator will use 3 tesla
superconducting magnets, what will be the maximum
kinetic energy, in eV, of the electrons and positrons that
will be accelerated by this machine?

joules

Converting this answer to electron volts, we get

b) What will be the speed of these electrons and
positrons? (How many 9’s in v/c?)

–8
6.9 × 10 joules
9
E =
= 430 × 10 eV
joules
1.6 × 10 -19
eV

= 430GeV

How good was our approximation that we could neglect the particle’s rest energy and use the simple
Equation (32)? Recall that the rest energy of a proton
is about 1GeV. Thus the SPS accelerator produced
protons with a kinetic energy 430 times greater! For
these particles it is not much of an error to neglect the
rest energy.

(34)
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stereo
camera

liquid hydrogen

beam of
charged
particles
from
accelerator

light
Figure 31a

Schematic diagram of the Berkeley
10-inch hydrogen bubble chamber.

BUBBLE CHAMBERS
In the study of elementary particles, it is just as important to have adequate means of observing particles as it
is to have accelerating machines to produce them. One
of the more useful devices for this purpose is the bubble
chamber invented by Donald Glaser in 1954.
It may not be true that Glaser invented the bubble
chamber while looking at the streaks of bubbles in a
glass of beer. But the idea is not too far off. When a
charged particle like an electron, proton or some exotic
elementary particle, passes through a container of
liquid hydrogen, the charged particle tends to tear
electrons from the hydrogen atoms that it passes,
leaving a trail of ionized hydrogen atoms. If the
pressure of the liquid hydrogen is suddenly reduced the
liquid will start boiling if it has a “seed”—a special
location where the boiling can start. The trail of ionized
hydrogen atoms left by the charged particle provides a
trail of seeds for boiling. The result is a line of bubbles
showing where the particle went.
In a typical bubble chamber, a stereoscopic camera is
used to record the three dimensional paths of the
particles. It is impressive to look at the three dimensional paths in stereoscopic viewers, but unfortunately
all we can conveniently do in a book is show a flat two
dimensional image like the one in Figure (32). In that
picture we see the paths of some of the now more
common exotic elementary particles. In the interesting part of this photograph, sketched above, a negative
π- meson collides with a positive proton to create a
neutral Λ0 and a neutral Κ0 meson. The neutral Λ0 and
Κ0 do not leave tracks, but they are detected by the fact
that the Κ0 decayed into a π+ and a π- meson, and the
Λ0 decayed into a π- and a proton p+, all of which are
charged particles that left tracks.

Figure 31b

The 10-inch Bubble chamber at the Lawrence
Radiation Laboratory, University of California,
Berkeley. (Photograph copyright The Ealing
Corporation, Cambridge, Mass.)

To analyze a picture like Figure (32) you need more
information than just the tracks left behind by particles.
You would also like to know the charge and the
momentum or energy of the particles. This is done by
placing the bubble chamber in a magnetic field so that
positive particle tracks are curved one way and negatives ones the other. And, from Equation (25b), we see
that the radii of the tracks tell us the momenta of the
particles.
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Another example of a bubble chamber photograph is
Figure (33) where we see the spiral path produced by
an electron. The fact that the path is spiral, that the
radius of the path is getting smaller, immediately tells
us that the electron is losing momentum and therefore
energy as it moves through the liquid hydrogen. The
magnetic field used for this photograph had a strength
B = 1.17 tesla, and the initial radius of the spiral was 7.3
cm. From this we can determine the momentum and
energy of the electron.

Exercise 9
Calculate the energy, in eV of the electron as it entered
the photograph in Figure (33). Since you do not know
off hand whether the particle was relativistic or not, use
the exact relation
2

2 2

2 4

(31)

E = p c + m 0c

to determine E from p. From your answer decide
whether you could have used the non relativistic formula
KE = 1/2 m0v2 or the fully relativistic formula E = pc, or
whether you were in an intermediate range where
neither approximation works well.

+

π

π−

−

π

K0
Λ0
−

π

p

H atom

B = 1.17 tesla

p

Figure 32

R i = 7.3 cm

e-

Figure 33

Spiraling electron. An electron enters the chamber at
the lower left and spirals to rest as it loses momentum.
The spiral track is caused by the magnetic field applied
to the chamber which deflects a charged particle into a
curved path with a radius of curvature proportional to
the particle's momentum. The straight track crossing
the spiral is a proton recoiling from a collision with a
stray neutron. Because the proton has much greater
mass than the electron, its track is much less curved.

Bubble chamber photograph showing the creation of a
K 0 meson and a Λ 0 particle, and their subsequent
annihilations. We now know that the K meson is a
quark/anti quark pair, and the Λ 0 particle contains 3
quarks as does a proton and a neutron. The K and Λ
particles last long enough to be seen in a bubble
chamber photograph because they each contain a
strange quark which decays slowly via the weak
interaction. (Photo copyright The Ealing Corporation
Cambridge, Mass.)
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The Mass Spectrometer
A device commonly seen in chemistry and geology
labs is the mass spectrometer which is based on the
circular orbits that a charged particle follows in a
uniform magnetic field. Figure (34) is a sketch of a
mass spectrometer which consists of a semi circular
evacuated chamber with a uniform magnetic field B
directed up out of the paper. The direction of B is
chosen to deflect positive ions around inside the chamber to a photographic plate on the right side. The ions
to be studied are boiled off a heated filament and
accelerated by a negative cap in a reversed voltage
electron gun shown in Figure (35). By measuring the
position where the ions strike the photographic plate,
we know the radius of the orbit taken by the ion.
Combine this with the knowledge of the field B of the
spectrometer, and we can determine the ion’s momentum p if the charge q is known. The speed of the ion is
determined by the accelerating voltage in the gun, thus
knowing p gives us the mass m of the ions. Non
relativistic formulas work well and the calculations are
nearly
electrons
identical
in Figure
to (25).
our analysis
(See Equations
of the path
26 to of
28.thMass spectrometers are used to identify elements in
small sample of material, and are particularly useful i
being able to separate different isotopes of an element
Two different isotopes of an element have differen
numbers of neutrons in the nucleus, everything else

being the same. Thus ions of the two isotopes will have
slightly different masses, and land at slightly different
distances down the photographic plate. If an isotope is
missing in one sample the corresponding line on the
photographic plate will be absent. The analogy between looking at the lines identifying isotopes, and
looking at a photographic plate showing the spectrum
of light, suggested the name mass spectrometer.
Exercise 10
Suppose that you wish to measure the mass of an iodine
atom using the apparatus of Figures (34) and (35). You
coat the filament of the gun in Figure (35) with iodine,
and heat the filament until iodine atoms start to boil off.
In the process, some of the iodine atoms lose an
electron and become positive ions with a charge +e.
The ions are then accelerated in the gun by a battery of
voltage Vb and then pass into the evacuated chamber.
(a) Assuming that Vb = 125 volts (accelerating voltage)
and B = 1000 gauss (0.1 tesla), and that the iodine
atoms follow a path of radius r = 18.2 cm, calculate the
mass m of the iodine atoms.
(b) How many times more massive is the iodine ion than
a proton? From the fact that protons and neutrons have
about the same mass, and that an electron is 2000 times
lighter, use your result to estimate how many nuclear
particles (protons or neutrons) are in an iodine nucleus.

uniform magnetic field
directed out of paper
evaculated
chamber

beam of
atoms

atoms

can

coating of atoms
whose mass is to
be measured

r
battery

hot filament

d=2r
gun

photographic film

Figure 34

Top view of a mass spectrograph. A uniform
magnetic field B rises directly up through
the chamber. The beam of atoms is produced
by the accelerating gun shown in Figure 35.

Figure 35

When the substance to be studied is heated by a
filament, atoms evaporate and some lose an electron
and become electrically charged positive ions. The
ions are then accelerated by an electric field to
produce a beam of ions of known kinetic energy.
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Magnetic Focusing
In the magnetic force examples we have considered so
far, the velocity v of the charged particle started out
perpendicular to B and we got the circular orbits we
have been discussing.
If we place an electron gun so that the electron beam is
aimed down the axis of a pair of Helmholtz coils, as
shown in Figure (36), the electron velocity v is parallel
to B , v × B = 0 and there is no magnetic force.
Figure (36) is a bit too idealized for the student built
electron gun we have been using in earlier examples.
Some of the electrons do come out straight as shown in
Figure (36), but many come out at an angle as shown in
Figure (37a). In Figure (37b) we look at the velocity
components v⊥ and v|| of an electron emerging at an
angle q. Because v|| × B = 0 only the perpendicular
component v⊥ contributes to the magnetic force
(36)

Fmag = qv⊥ × B

This force is perpendicular to both v⊥ and B as shown
in the end view of the electron gun, Figure (37b). In this
end view, where we can’t see v|| , the electron appears
to travel around the usual circular path.

B

B

Figure 36

Electron gun inserted so that the beam of
electrons moves parallel to the magnetic field of
the coils. If the beam is truly parallel to B ,
there will be no magnetic force on the electrons.

B
end
view

side
view
Figure 37a

In reality the electron beam spreads out when it leaves
the cap. Most of the electrons are not moving parallel
to B , and there will be a magnetic force on them.

FB = (– e) v X B

v

v
θ

v

B
side view

v
FB
B out of paper

end view

Figure 37b

Consider an electron emerging from the cap at an
angle θ from the center line as shown in the side
view above. Such an electron has a component of
velocity v⊥ perpendicular to the magnetic field. This
produces a magnetic force FB = – e v⊥ × B which
points toward the axis of the gun. The magnetic
force FB can be seen in the end view above. From
the end view the electron will appear to travel in a
circle about the axis of the gun. The stronger the
magnetic field, the smaller the radius of the circle.
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It is in the side view, Figure (38) that we see the effects
of v|| . Since there is no force related to v|| , this
component of velocity is unchanged and simply carries
the electron at a constant horizontal speed down the
electron gun. The quantity v|| is often called the drift
speed of the particle. (The situation is not unlike
projectile motion, where the horizontal component vx
of the projectile’s velocity is unaffected by the vertical
acceleration a y .)
When we combine the circular motion, seen in the end
view of Figure (37c), with the constant drift speed v|| ,
down the tube seen in Figure (38a) the net effect is a
helical path like a stretched spring seen in Figure (38b).
The electron in effect spirals around and travels along
the magnetic field line. The stronger the magnetic
field, the smaller the circle in Figure (37c), and the
tighter the helix.

B
v
θ

The tightening of the helix is seen in Figure (39) where
in (a) we see an electron beam with no magnetic field.
The electrons are spraying out in a fairly wide cone. In
(b) we have a 75 gauss magnetic field aligned parallel
to the axis of the gun and we are beginning to see the
helical motion of the electrons. In (c) the magnetic field
is increased to 200 gauss and the radius of the helix has
decreased considerably. As B is increased, the electrons are confined more and more closely to a path
along the magnetic field lines. In our electron gun, the
magnetic field is having the effect of focusing the
electron beam.

a) No magnetic field

v

v
v

v

Figure 38a

In the side view of the motion of the
electron, we see that v|| is unchanged, v||
just carries the electron down the tube.

b) B = 75 gauss

helical motion
of the electron
Figure 38b

c) B = 200 gauss

Oblique view of the helical motion of the electron.
When you combine the uniform motion of the electron
down the tube with the circular motion around the
axis of the tube, you get a helical motion with the
same shape as the wire in a stretched spring.
d) Movie
Figure 39

Focusing an electron beam with a parallel
magnetic field. The beam travels along a
helical path which becomes tighter as the
strength of the magnetic field is increased.
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SPACE PHYSICS
Even in non-uniform magnetic fields there is a tendency for a charged particle to move in a spiral path
along a magnetic field line as illustrated in Figure (40).
This is true as long as the magnetic field is reasonably
uniform over a distance equal to the radius r of the spiral
(from Equation (25), r = mv⊥/qvB). Neglecting the
spiral part of the motion, we see that the large scale
effect is that charged particles tend to move or flow
along magnetic field lines. This plays an important role
in space physics phenomena which deals with charged
particles emitted by the sun (the “solar wind”) and the
interaction of these particles with the magnetic field of
the earth and other planets.
There are so many interesting and complex effects in
the interaction of the solar wind with planetary magnetic fields that space physics has become an entire
field of physics. Seldom are we aware of these effects
unless a particularly powerful burst of solar wind
particles disrupts radio communications or causes an
Aurora Borealis to be seen as far south as the temperate
latitudes. The Aurora are caused when particles from
the solar wind spiral in along the earth’s magnetic field
lines and end up striking atoms in the upper atmosphere. The atoms struck by the solar wind particles
emit light just like the residual air atoms struck by the
electrons in an electron gun.

B

path of charged
particle

The Magnetic Bottle
If a magnetic field has the correct shape, if the field lines
pinch together as shown at the left or the right side of
Figure (41), then the magnetic force Fmag on a charged
particle has a component that is directed back from the
pinch. For charged particles with the correct speed, this
back component of the magnetic force can reflect the
particle and reverse v|| . If the magnetic field is pinched
at both ends, as in Figure (41) the charged particle can
reflect back and forth, trapped as if it were in a magnetic
bottle.
In the subject of plasma physics, one often deals with
hot ionized gasses, particularly in experiments designed to study the possibility of creating controlled
fusion reactions. These gases are so hot that they would
melt and vaporize any known substance they touch.
The only known way to confine these gases to do
experiments on them is either do the experiments so
fast that the gas does not have time to escape (inertial
confinement), or use magnetic fields and devices like
the magnetic bottle shown in Figure (41) (magnetic
confinement).
magnetic "bottle"

B

FB

B

FB

Figure 41

Figure 40

When charged particles from the sun enter the
earth's magnetic field, they spiral around the
magnetic field lines much like the electrons in
the magnetic focusing experiment of Figure 39.

Magnetic bottle. When the magnetic field lines pinch
together, the charged particles can be reflected back in
a process called magnetic mirroring. (At the two ends
of the magnetic bottle above, the magnetic force FB
has a component back into the bottle.)
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Van Allen Radiation Belts
The earth’s magnetic field shown in Figure (9) and
repeated in Figure (42) forms magnetic bottles that can
trap charged particles from the solar wind. The ends of
the bottles are where the field lines come together at the
north and south magnetic poles, and the regions where
significant numbers of particles are trapped are called
the Van Allen radiation belts shown in Figure (42).
Protons are trapped in the inner belt and electrons in the
outer one.
It is not feasible to do hand calculations of the motion
of charged particles in non-uniform magnetic fields.
The motion is just too complicated. But computer
calculations, very similar to the orbit calculations discussed in Chapter 4, work well for electric and magnetic forces. As long as we have a formula for the shape
of E or B , we can use the Lorentz force law (Equation
20)
F = qE + qv × B

as one of the steps in the computer program. The
computer does not care how complicated the path is,
but we might have trouble drawing and interpreting the
results.

In Figure (43), a student, Jeff Lelek, started with the
formula for a “dipole magnetic field”, namely
B = –

B0
* Z – 3 * Z⋅R *R
R3

(37)

which is a reasonably accurate representation of the
earth’s magnetic field, and calculated some electron
orbits for this field. The result is fairly complex, but we
do get the feeling that the electron is spiraling around
the magnetic field lines and reflecting near the magnetic poles.
To provide a simpler interpretation of this motion, the
student let the calculation run for a long time, saving up
the particle coordinates at many hundreds of different
points along the long orbit. These points are then
plotted as the dot pattern shown in Figure (43). (In this
picture, the latitude of the particle is ignored, the points
are all plotted in one plane so we can see the extent of
the radial and north-south motion of the particles.) The
result gives us a good picture of the distribution of
particles in a Van Allen radiation belt. This and similar
calculations are discussed in the supplement on computer calculations with the Lorentz force law.

Figure 42

Figure 43

Charged particles, trapped by the earth's magnetic field,
spiral around the magnetic field lines reflecting where
the lines pinch together at the poles. The earth's
magnetic field thus forms a magnetic bottle, holding the
charged particles of the Van Allen radiation belts.

Computer plot of the motion of a proton in a dipole
magnetic field. The formula for this field and the
computer program used to calculate the motion of
the proton are given in the Appendix. As you can
see, the motion is relatively complex. Not only does
the proton reflect back and forth between the poles,
but also precesses around the equator.
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Figure 44

In this computer plot, all the data points from Figure 43 are plotted as dots in one plane. From this we see the
shape of a Van Allen radiation belt emerge. (Figures (43) and (44) from a student project by Jeff Lelek.)
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