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Figure 1

Marcel Duchamp, Nude Decending a Staircase
Philadelphia Museum of Art: Louise and Walter
Arensberg Collection
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CHAPTER 3

DESCRIPTION OF MOTION

On the facing page is a reproduction (Figure 1) of
Marcel Duchamp’s painting, Nude Descending a
Staircase, which was first displayed in New York at
The International Exhibition of Modern Art, generally known as the Armory Show, in 1913. The objective of the painting, to convey a sense of motion, is
achieved by repeating the stylized human form five
times as it descends the steps. At the risk of obscuring the artistic qualities of the painting, we may
imagine this work as a series of five flash photographs taken in sequence as the model walked
downstairs.

In the next few chapters, a similar technique will be
used to describe motion. We now have devices
available, such as the stroboscope (called the strobe),
that produce short bursts of light at regular intervals; with the strobe, we can photograph the successive positions of an object, such as a ball moving on
the end of a string (see Figure 2). Although we do not
have the artist’s freedom of expression to convey the
concept of motion by using a strobe photograph, we
do obtain a more accurate measure of the motion.

Figure 2

Strobe photograph showing the motion of a ball on the end of a string.
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Displacement Vectors
When we represent the motion of an object by a
strobe photograph, we are representing this motion
by a series of displacements, the successive displacements of the object in equal intervals of time.
Mathematically we can describe these displacements by a series of vectors, as shown in Figures (3).
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In (3a) we added the displacement vectors to the
photograph. Figure (3b) is an abstraction with the
successive displacement vectors drawn from the
center of the ball images. In this way we are
approximating the path of the ball by a series of
straight lines along the path.
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Figure 3a

Using a series of displacement vectors
to describe the motion of the ball.
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The displacement vectors go from the center
of one image to the center of the next. The
entire path taken by the ball is represented
by this series of eight vectors.
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A More Complex Path
The photograph in Figures (2) and (3) was taken
with the strobe flashing five times per second while
the ball was moving slowly. As a result we see a
smooth curve and have a fairly complete idea of the
ball’s motion. When we ran the strobe at a rate of
five flashes per second, but moved the ball more
rapidly in a complicated pattern, we got the result
shown in Figure (4). From that photograph it is
difficult to tell how the ball is actually moving. It

Figure 4

Strobe photograph of a more
complex motion. With the strobe
flashing at only 5 times per second,
one cannot tell why two images
seem out of place.

Figure 5

Turning the strobe flashing rate up
to 15 flashes per second shows us
what is happening. At only 5 flashes
per second, we missed the kink in
the motion.
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looks like a smooth path with some images (the
highest and lowest) out of place. How did these out
of place images get there?
To find out, we turned up the flashing rate. When we
got the flashing rate up to fifteen images per second,
as shown in Figure (5), it becomes clear what we
have done. We added a kink to the ball’s path, and
now the flashing rate is high enough to see the details
of the kink.
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The Strobe Time Interval Δ t
We were able to see the kink in the ball’s path by
reducing the time interval between flashes from
1/5 of a second in Figure (4) to 1/15 of a second
in Figure 5. We will, throughout the text, use the
symbol Δt to represent the time interval between
flashes of the strobe. Thus Δt = 1/5 for Figure
(4) and Δt = 1/15 for Figure (5).
To see the effect of reducing the strobe time
interval Δt , we have, in Figure (6) taken our
strobe photograph of Figure (5) and removed
images to represent photographs with longer
values of Δt . In Figure (6a) we discarded 9 out
of 10 images, giving us an effective Δt = 10/15 of
a second, ten times as long as the actual 1/15 of
a second. Only two images survive, and the
resulting displacement vector s – 1 is a very poor
representation of the ball’s path.
Reducing the time interval to Δt = 6/15 gives us
three images and a slightly better picture of the
ball’s path. At least we see that the path of the
ball changes direction. Going to Δt = 3/15 sec
begins to show us that the path has a kink. At
Δt = 2/15 sec in Figure (6d), the photograph
gives a fairly good picture of the kink. At
Δt = 1/15 sec in Figure (6e), the only details we
are missing is exactly how the ball turns around
the bottom of the kink. If we do not need to know
that much detail, then the choice Δt = 1/15 sec
gives us an adequate picture of the ball’s motion.
We could turn the strobe up to a much higher
flashing rate, say 200 flashes per second corresponding to Δt = 1/ 200 sec. But then we would
get many overlapping images of the ball, which
would make it difficult to determine how far the
ball moved between each flash. In any experimental situation there is some practical limit for
the choice of Δt . You reduce Δt to the point
where you have a clear picture of how the object
is moving. But do not reduce it so much that the
images are too close together for a meaningful
analysis.

Figure 6

Changing the time step Δt. As we use a shorter
and shorter time step Δt, we get more images
and a better picture of the motion.
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A Coordinate System
In the strobe photographs discussed so far, we have
a precise idea of the time scale, with, for example,
Δt ranging from 2/3 of a second in Figure (6a) to
1/15 of a second in (6e). But we have no idea of a
distance scale. As a result we know the direction of
succeeding displacement vectors, but do not know
their magnitudes.
One way to introduce a distance scale is to photograph the motion in front of a grid as shown in Figure
(7). With this setup we get photographs like that
shown in Figure (8), where we see the strobe motion
of a steel ball superimposed on the grid. The grid
was illuminated by room lights which were dimmed
to balance the exposure of the grid and the strobe
flashes.
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Computers and TV Cameras
With a TV camera attached to a computer, one can
easily and rapidly create effective strobe photographs of the motion of an object. Typically a TV
camera grabs images at a rate of 30 frames per
second, and the computer can store and analyze the
images in a matter of seconds. All the work we are
going to discuss in this and the next chapter can be
done by computer, but having the computer do the
work for you does not give you the experience you
need to learn basic concepts. A careful analysis of
a few strobe photographs will give you that experience.

Using techniques like that illustrated in Figure (9) to
locate the centers of the images we transferred the
information from the strobe photograph to graph
paper to obtain the results shown in Figure (10).
This is the end result of a fair amount of lab work,
and the starting point of our analysis.

Figure 8

Strobe photograph of a steel ball projectile, with
flashes one tenth of a second apart (Δt = .1 sec).

Figure 7

Experimental setup for taking strobe photographs.
Figure 9

One way to locate the centers of the ball images.
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grid. Check, for example, that the first image, the
one we labeled (-1), is located a distance 8.4 cm over
on the horizontal axis, and up a distance of 79.3 cm.
Check also that the other 5 images are located about
where we say they are.

Analyzing Displacement Vectors
We will use Figure (10) as a starting point for our
analysis of strobe photographs. The first thing you
should do is see that our list of ball coordinates
shown in that figure match the coordinates on the
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Strobe photograph transferred to graph paper.
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On the graph of Figure (10) we have drawn five
displacement vectors labeled from s – 1 to s 4 . We
introduced the grid, and now the graph paper, so that
we could tell not only the directions of the successive displacement vectors, but also their lengths. It
turns out to be quite easy to measure the length of a
vector drawn on graph paper. Simply mark its
length on a piece of paper as shown in Figure (11),
and then rotate the paper so that its length can easily
be measured. In Figure (11) we see that the length
of the vector s 1 is 20.0 cm.
Exercise 1
Find the length or magnitude of the five displacement
vectors in Figure (10).

Average Speed
The fact that the images in a strobe photograph were
taken at equal time intervals Δt tells us not only
about the path of the ball, but also about the speed of
the ball along the path. From the fact that the vector
s 3 is nearly twice as long as the vector s 0 tells us that
in the interval from (3) to (4) the ball was moving, on
the average, nearly twice as fast as it was in the
interval from (0) to (1).
The average speed of a trip is the total length of the
trip divided by the time it took to do the trip. For
example, if you drove from New York to Boston, a
distance of 300 km in 4 hours, your average speed v
would be that distance divided by the total time, or
v = 300 km =75 km
4 hrs
hr

1

s0

3-9

(1)

Applying this idea to the displacement vectors in
Figure (10), where the total time between images is
Δt = .1 sec, we get for the average speed of the ball
traveling between image (1) and (2) as

s1
2

v1 =

s2

length of s1 20 cm
cm
=
= 200 sec
.1 sec
Δt

Exercise 2
Calculate the average speeds v–1 to v3 for the ball in
the five intervals shown in Figure (10).
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Figure 11

Measuring the length of the vector s1 .
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Velocity Vectors
In our discussion of vectors, on page 2-5, we pointed
out that if we multiply a vector by a number we get
a new vector. Our example, shown in Figure (2-8)
reproduced here, is that the vector 5a points in the
same direction as the vector a , but is 5 times as long.
5a

Uniform Velocity
Chapter 1 on special relativity dealt with the physics of
uniform motion, i.e., motion in a straight line at constant speed. A strobe photograph of uniform motion
would look like Figure (12) where all the successive
displacement vectors s 1. . . s 5 have the same length
and direction.
S1
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S7

a
Figure 12
Figure 2-8

Uniform motion.

Multiplying a vector by a number.

The corresponding velocity vectors v1 = s 1/Δt , etc.
would also point in the same direction and have the
same length.

Multiplying a vector by a number changes the
length of a vector but not its direction.
Here we will introduce a new concept called the
velocity vector. From the strobe photograph of
Figure (10), we get a velocity vector by multiplying
the displacement vector by the number (1/ Δt) . For
example, we define the velocity vector v1 for Figure
(10) by multiplying s 1 by 1/Δt to get
s
v1 = 1 × s 1 = 1
Δt
Δt

(2)

Something new is happening here that we did not
discuss in Chapter 2. What is new is that our number
(1/Δt) has the dimensions of (1/sec). Thus when we
multiply the displacement vector s 1 by the number
(1/Δt) we not only change the length of s 1 , we also
change its dimensions from cm to cm/sec. The new
velocity vector v1 now points in the same direction
as s 1 , but now has a magnitude and dimension of
200 cm/sec.
(Physics texts get rather picky over the use of the
words speed and velocity. The word speed is reserved for the magnitude of the velocity, like 200
cm/sec. The word velocity is reserved for the velocity vector, describing both the direction of motion
and the speed. We will use this convention throughout the text.)

Non Uniform Velocity

Imagine that after shopping you place your grocery
bag in the center of the back seat of your car. On the
way home you drive around a relatively sharp curve.
The grocery bag tips over and the contents fall out.
The fact that the bag tipped over provides experimental evidence that the car was moving.
The principle of relativity tells us that there is no
experiment we can do to detect our own uniform
motion. We detected our motion when the shopping
bag fell over because our motion was not uniform
when we drove around the curve. Even though we
maintained a constant speed, say 60 km/hr, our
motion was not uniform because our velocity vector
changed direction. The lesson from this experience
is that we can detect non uniform motion.
Non uniform motion is when the velocity vector
changes direction, or length, or both. For example,
when we are driving in a straight line but put on the
brakes, our velocity vector does not necessarily
change direction, but it does change length or magnitude. At the beginning of the braking it may have
a magnitude of 60 km/hr, and at the end, zero km/hr.
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The main physical feature of non uniform motion is
not how much the velocity changes, but how rapidly
the change takes place. If you are driving along a
straight, smooth road and slowly apply the brakes,
you hardly notice the change in velocity. But if on
the other hand you keep going at 60 km/hr until you
hit a stone wall at the end of the road, the same
change in velocity can be fatal. In the first case,
where you slowly applied the brakes, the change in
velocity gradually occurred over the period of
perhaps a minute. In the second case, hitting the
cement wall, the change in velocity occurs in a
fraction of a second.
The new physical quantity we want to define is
something that involves the change in our velocity,
but is also related to the effects that the change in
velocity has on us. The change alone is not adequate.
If, however, we divide the change in velocity by the
time in which the change takes place, we end up with
a quantity that more nearly describes the effect that
the velocity change has.
For example, if we slowly stop our car, going from
60 km/hr to 0 km/hr in one minute or 60 seconds,
then the change in velocity divided by the time of the
change has a magnitude
change in velocity 60 km/hr
=
= 1 km
60 sec
hr sec
time for change

CHANGE IN VELOCITY AS A VECTOR
A change in velocity is not just a change in speed.
When we drove around the corner, the grocery bag
tipped over even though our speed remained constant at 60 km/hr. Let us see how we can represent
a change in velocity that represents either a change
in magnitude, or direction, or both.
As a more formal definition for the change in the
number of something, we will subtract the initial
value from the final value to get the change. If we
had a bag initially containing 12 apples, and a day
later it contained only 4 apples, we would say that
the change in the number of apples was
change in number final number initial number
=
–
of apples
of apples
of apples
= 4 apples – 12 apples
= – 8 apples

The negative sign indicates we lost 8 apples.
We will do a similar thing to measure the change in
our velocity vector. Suppose we are initially heading north at 60 km/hr and finally we are heading east
at 60 km/hr. We have the two vectors vinitial and
vfinal shown in Figure (13).
Vfinal

(The units km/(hr sec) is a bit strange; we will use
better units later.)
Now suppose we hit the stone wall and our change
in velocity occurs in .1 sec. Then our change in
velocity divided by the time for the change has a
magnitude
change in velocity 60 km/hr
=
= 600 km
.1 sec
time for change
hr sec

This new quantity, change in velocity divided by the
time for the change, is 600 times greater when we hit
the stone wall than when we gradually applied the
brakes. This more nearly reflects the physical effect
of these two changes.
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Vinitial
Figure 13

Our velocity vector changes direction
when we drive around a corner.
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We define the change in velocity, call it Δv , as the
final velocity minus the initial velocity.
change in velocity Δv = vfinal – vinitial

(4)

This is similar to the change in the number of the
apples, except that we are now subtracting vectors
rather than numbers.
In Chapter 2, page 2-5, we taught you how to
subtract vectors. The idea was that to subtract a
vector, you add the negative of the vector. And the
negative of the vector is simply the vector turned
around. Using this in our formula, Equation (4), for
Δv gives

Our change in velocity Δv points southeast and has
a magnitude of 2 times the magnitude of either
vinitial or vfinal. This result is not intuitive. It will
take us the rest of this chapter to develop an intuitive
feeling for this surprising quantity Δv .
One example where Δv is intuitive is when there is
no change in velocity. In that case vinitial = vfinal and
Δv = 0 , as shown in Figure (15). If the velocity
vector is constant, then there is obviously no change
Δv in velocity.
Vinitial

Vfinal

Δv = vfinal – vinitial

(5)

= vfinal + (– vinitial)

The graphical addition of the vectors vfinal and
(– vinitial) is shown in Figure (14) for the velocity
vectors of Figure (13).

Vfinal

+

– Vinitial

Figure 15

The resulting Δv may be somewhat surprising. We
are initially driving north with a velocity vinitial .
After going around a 90° bend, we are driving east
at a velocity vfinal .

a)

Vinitial

Vfinal

– Vinitial

The vector sum Vfinal + ( – Vinitial ) is
Vfinal

b)

Vfinal
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Figure 14

Calculating the change in velocity Δ v
when we drive around a corner. The
result can be surprising!

– Vinitial

When there is no change in velocity,
Δ v = v final – v initial equals zero.

= 0
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DEFINING THE a VECTOR
The way we can make intuitive sense of the vector
Δv is to define a new vector that is more closely
related to the physical effects of a change in velocity.
We will define the new vector as the change in
velocity Δ v divided by the time in which the change
takes place. We have seen that if the change in
velocity takes place rapidly, the consequences can
be severe. But how do we precisely define how
rapidly the change is occurring? How do we handle
the case where the change is not smooth, where the
change may, for example, be more rapid at the
beginning and less rapid at the end?
To pin down how rapidly the change in velocity
takes place, we will use strobe photographs where
the images of the object are a constant time interval
Δt apart. For our initial discussion we will use the
strobe photograph of a steel ball projectile, Figure
(10) where we see the five displacement vectors s –1
to s 3 .
Our first step will be to convert the displacement
vectors to velocity vectors by dividing each through
by Δt . The result is
(5)

These are the average velocities in the corresponding intervals.
0

s–1

s0

Consider the motion of the ball in the region of
position (1) in the strobe photograph. The ball enters
position (1) with an average velocity v0 and exits
with an average velocity v1 . The change in average
velocity Δv1 in that region is

Now comes the crucial question. How long did it
take for this change to take place? When we look at
all of Figure (10), we see four changes in velocity at
points (0) to (3). Saying that there is half a change
at each endpoint (if the ends were connected, we
would get a whole change) we get a total of 5
changes in velocity in a total time of 5Δt . As a
result, each change in velocity occurs in an average
time of 1Δt . Thus we have
time for a change in
velocity in a
strobe photograph

–1

s1
2

Δv
time change takes place

Δv0 v0 – v– 1
=
Δt
Δt
At position (2), we get
a2 =

3

s3
4
Figure 10 (repeated)

Strobe photograph of steel ball projectile.

(7)

definition of
the a vector

(8)
Applied to Figure (10) at position (0), using the fact
that the change takes place in a time Δt , we get

Δv2 v2 – v1
=
Δt
Δt
and so forth.

s2

= Δt

We are now ready to define, for strobe photographs,
the new vector representing the change in velocity
Δv divided by the time during which the change
takes place. We will call this the a vector;

a0 =

1

(6)

Δv1 = vfinal – vinitial = v1 – v0

a ≡

v– l = s –1/Δt
⋅ ⋅ ⋅ ⋅
v3 = s 3/Δt
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(9)

(10)

You may or may not have guessed why we used the
letter ( a ) to represent this vector. It is what physicists call the acceleration vector. However, we
hesitate to use that name at first because we want to
avoid conflicts between what a student may think
acceleration is and what physicists mean by acceleration.
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WORKING WITH THE

a

VECTOR

Back in Figure (11) we saw how easy it was to
measure the length of a displacement vector when
the vector is drawn on a graph paper grid. (Just mark
the length on a separate piece of paper, and then turn
the paper to measure the length.)
In our formulas for the a vector, like
a 2 = (v2 – v1) /Δt , we do not have an easy way to
measure the velocity vectors v2 and v1 . If you did
Exercise (2), you found that you had to calculate the
velocity vectors because there was no velocity scale
on the graph paper.
To avoid calculations, we can rewrite the a vectors
directly in terms of the easily measured displacement vectors s . For example, for the vector a 2 we
have
v2 = s 2 /Δt , v1 = s 1 /Δt
a2 =
=

v2 – v1 (s 2 /Δt) – (s 1 /Δt)
=
Δt
Δt

The first thing we notice is that the vector (s 2 – s 1)
points straight down. As a result the vector
a 2 = (s 2 – s 1)/Δt 2 must also point straight down.
To calculate the length of a 2 , we first measure the
length of the vector (s 2 – s 1) . Since (s 2 – s 1)
points straight down along the y axis of the graph
paper, we can just look and see that (s 2 – s 1) is very
close to 10 cm long. Thus using the notation s for
the magnitude or length of the vector s , we have
length of
s2 – s1

≡ s 2 – s 1 = 10 cm

(12)

Since Δt = .1 sec , the length or magnitude of a 2 is

(s 2 – s 1) /Δt
Δt
a2 =

Figure (10a) is an enlargement of a section of Figure
(10), showing the vectors s 1 and s 2 . In Figure (16)
we have constructed the vector ( s 2 – s 1 ) by moving
s 1 down to point (3) and turning it around to get
– s 1 . Then we add the vectors s 2 and – s 1 to get
the vector ( s 2 – s 1 ) shown. (To move vectors
around see Figure (12) on page 2-6 of Chapter 2.)

a2 =

s2 – s1
Δt 2

(11)

Thus to calculate the vector a 2 , we simply subtract
the vector s 1 from s 2 and then divide the results by
Δt 2 .
1

s1

s2 – s1

Δt 2
= 10 cm 2
.01 sec

a 2 = 1000

= 10 cm 2
(.1 sec)

cm
sec 2

(13)

As a result, we see that the vector a 2 points straight
down and has a magnitude very close to
1000 cm /sec 2 .

2

1

s1

s2

2
3

s2 – s1

s2

Figure 10a

Displacement vectors s 1 and s 2 from Figure 10,
the steel ball projectile.

– s1

3

Figure 16

The vector s 2 – s 1 points straight down
and has a length of about 10 cm.
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ACCELERATION DUE TO GRAVITY
In Figure (17) we have used the same technique to
calculate the vectors ( s 0 – s – 1 ), ( s 1 – s 0 ), ( s 2 – s 1 )
and ( s 3 – s 2 ). The remarkable result is that these
vectors are, within experimental accuracy, all the
same. They all point straight down, and each has the
same length of 10 cm. When we divide by Δt 2 to get
the corresponding a vectors, we see that all the a
vectors are equal, they all point straight down and
have a magnitude close to 1000 cm /sec2 . For
emphasis, in Figure (18), we have drawn just the a
vectors at points (0), (1), (2), and (3). The scale for
these vectors is that 1 cm on the grid equals
100 cm /sec2 .
Our formulas like a 2 = ( s 2 – s 1)/Δt 2 may look kind
of weird, but they produce a remarkable result. First,
they tell us that the steel ball has a constant, unchanging a vector as it moves across the grid. Even
more remarkable, all the a vectors point straight
down in the direction that gravity is pulling the ball.
Can we come to the conclusion that gravity is
causing the a vector? Are all the a vectors the same
in length because the force of gravity is the same
during the entire flight of the ball? If we call
0

s–1
–1

a acceleration, is this a vector the acceleration due
to gravity? The answer to all these questions is yes.

(In physics textbooks you will find that the acceleration due to gravity on the surface of the earth is
supposed to be 980 cm /sec2 or 9.8 meters /sec2 .
Considering the accuracy with which we could
measure the ball centers in the strobe photographs,
our result of 1000 cm /sec2 or 10 m /sec2 is in excellent agreement with accepted results.)
Exercise 3
Figure (19) is another strobe photograph of the motion
of a steel ball projectile. The difference from the
picture of Figure (10) is that the ball was fired with a
slightly different initial velocity.
Using the techniques we applied to Figure (10), find
both the direction and magnitudes of the vectors a0 ,
a1 , a2 , a3 , and a4 . How do these compare with the
a vectors we got for the photograph of Figure (10)?
[Do this exercise now to become thoroughly familiar
with calculating a vectors before reading on.]

1

s0
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0

1

s1
2

– s–1
– s0
( s2 – s1)

Here we see that
vectors like ( s2 – s1)
all point down and are
all 10 centimeters long.

2

–1

a0

s2
– s1

a1
a2

3

s3

3

a3

–s2
4

4

Figure 17

Constructing the difference vectors ( s 0 – s –1) ,
( s 1 – s 0) ,etc. Within experimental error, they
are all the same vector, pointing down with a
length of 10 cm.

Figure 18

The corresponding a vectors a0 = ( s 1 – s 0)/Δ t 2 etc.,
all point down. Because Δ t 2 = .01 sec 2 , they all have a
magnitude of 1000 cm/ sec 2 .

3-16

Description of Motion

0

10

20

1

40

0

50

60

70

80

90

2

90

80

100

90

-1

80

3
70

70

60

60

4

50

50

40

40

30

30

20

20

5
10

10

0

10

20

30

40

Figure 19

Changing the way we fire the steel ball, we get a slightly
different strobe photograph. Again Δ t = .1 sec.

50

60

70

80

90

100

Description of Motion

For this simulated photograph, Δt = .2 seconds, twice
as long as our photographs in Figures (10) and (19).
Use this photograph (assuming it were real) to measure the magnitude and direction of the acceleration
due to gravity on the surface of the moon.

Exercise 4
In Figure (20), we simulated what a strobe photograph
would look like if we projected a steel ball on the
surface of the moon.
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Moon Projectile
Δt = .2 seconds
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Figure 20

Simulation of the motion of a steel ball projectile on the
surface of the moon. For this simulation, Δ t = .2 sec.
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Yuri Gagarin was the first astronaut to orbit the
earth, but John Glenn was the first to do multiple
complete orbits. John Glenn’s orbit was essentially
circular, 162 miles (260 kilometers) above the surface of the earth, and he took 83 minutes (5000
seconds) to go around each time. What we are going
to do now is to create an effective strobe photograph
describing John Glenn’s orbit and see what his a
vector was while in that orbit.

On that figure we have drawn 10 small circles
representing Glenn’s position at 10 equally spaced
intervals around the orbit. Since the total time for an
orbit is 5000 seconds, the time interval between the
circles is Δt = 500 seconds. The grid in the background has a scale where 10 small squares, or one
large square, equals a distance of 1000 kilometers.
(We labeled this distance as 1 k.) You can see that
the circle representing the earth has a radius of 6.4
large squares representing 6,400 km.

In Figure (21) we have drawn a filled-in circle to
represent the earth, and surrounded it by a circle
representing John’s orbit. Since the radius of the
earth is 6,380 kilometers and John’s orbit was only
260 kilometers above the earth’s surface, Glenn’s
orbit looks in Figure (21) as if it were nearly at the
surface of the earth. (A mere 260 kilometers in
height hardly shows up).

On the diagram we have drawn the displacement
vectors surrounding positions we labeled (2), (6)
and (9). At position (2) for example we have drawn
the vectors s 1 , s 2 and –s 1 . We see that the vector
(s 2 – s 1) points toward the center of the circle
(straight down), and has a magnitude of 2.5 large
squares (25 smaller ones) representing a length of
2,500 kilometers.
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Figure 21

Analysis of John
Glenn’s orbit. Glenn
traveled in a circular
orbit 260 kilometers
above the surface of
the earth. In this
diagram, each large
square represents a
distance of 1000 (1K)
kilometers. For the
10 locations of Glenn,
Δ t = 500 sec.
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Over at position (6) we have drawn the displacement
vectors s 5 , s 6 and constructed the vector (s 6 – s 5)
which also points at the center of the earth, and also
has a length of 2.5 large squares or 2,500 kilometers.
Over at position (9), the same thing happens; the
vector (s 9 – s 8) also points to the center of the earth
and has a length of 2,500 kilometers.
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With 2,500 kilometers = 2,500,000 meters and
(500 sec) 2 = 250,000 sec 2 , we get
a Glenn =

2,500,000 meters
250,000 sec 2

a Glenn = 10

meters
sec 2

(15)

From our formulas
a2 =

(s 2 – s 1)

(s 6 – s 5)

; a6 =
; etc. (14)
Δt 2
Δt 2
we see that all of John Glenn’s acceleration vectors,
or explicitly a 2 , a 6 and a 9, point to the center of the
earth and have a length of 2,500 kilometers divided
by Δt 2 . With Δt = 500 seconds we find that the
magnitude of Glenn’s a vectors is

a Glenn =

s2 – s1
2

= 2500 km2
500 sec
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Here John Glenn is traveling more than 2000 times
faster than our steel projectile, is located several
hundred kilometers above us, yet when Glenn is
overhead, he has essentially the same a vector as the
steel projectile. Is this a remarkable coincidence, or
is there a good reason for it?

90

– s0

70

80

s1

– s–1

80

70

1

s0

–1

60

This is the same magnitude as the a vector for our
steel projectile in Figure (10)!

7K

6K

5K

4K

3K

2K

1K

0

1K

Figures 17 & 21 (repeated)

Using the same graphical construction, we find that a steel ball in our lab, traveling about 20
centimeters per second, and John Glenn in orbit, traveling 8 kilometers per second, have
essentially the same acceleration vector when John is overhead. Each has a downward
acceleration of 10 meters per second squared.
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When we say that the a vectors for both the steel ball
and John Glenn are caused by gravity, the result is
not as surprising. While an altitude of 260 kilometers may seem high to us, from our drawing of
Glenn’s orbit, we see that the orbit essentially skims
the surface of the earth. Thus it is not unreasonable
that Glenn should experience the same pull of gravity as our steel ball. And if the a vector is caused by
the pull of gravity, then we might expect that Glenn
and the steel projectile have nearly the same a
vector, the same acceleration due to gravity.
One thing we learn very clearly by comparing the
trajectories of the steel projectile and Glenn, is that
the acceleration due to gravity is not related to the
speed of the projectile. As we mentioned, Glenn was
traveling over 2000 times faster than the steel ball,
but both a vectors were the same.
Note, also, that if we performed the steel ball projectile experiment anywhere on the earth, the acceleration vector a would always point down, i.e., toward
Figure 22

Newton’s sketch, showing that the
difference between projectile and
satellite motion is that satellites
travel farther. Both are
accelerating toward the center of
the earth.

the center of the earth. Thus the steel ball’s a vector
and Glenn’s point in the same direction all the way
around the earth.
Issac Newton understood the similarity between
projectile motion like that of the steel ball, and the
orbital motion like that of Glenn. From his diagram
in Figure (22), Newton demonstrates that the main
difference between an ordinary projectile and an
orbiting projectile is the way the projectile is
launched. If we had gone above the atmosphere to
get away from air resistance, and fired our steel
projectile horizontally at the right speed (which
turns out to be Glenn’s speed of 1,800 km/sec), then
our steel ball would also have orbited the earth.
We see from Newton’s diagram that the path of a
projectile depends critically on how fast the ball is
launched. But its acceleration vector a depends
only on the earth’s gravity (provided air resistance
can be avoided or neglected).
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UNIFORM CIRCULAR MOTION
John Glenn’s orbit is an example of what physicists
call uniform circular motion. This is motion at
constant speed around in a circular path. From our
analysis of Glenn’s orbit, we see that his a vector,
which we are now calling an acceleration vector,
points toward the center of the circle. That is not a
surprising result if we think of the gravitational pull
of the earth as causing the object’s acceleration.
That is because here on earth, gravity is always
pulling down toward the center of the earth.
Consider another example of uniform circular motion. Attach a string to a golf ball and swing the ball
in a circle over your head. A strobe photograph of
the ball, simulated in Figure (23), would look essentially similar to our strobe analysis of Glenn’s orbit.
Clearly all the a vectors will point directly toward
the center of the circle.
For Glenn, the acceleration toward the center was
caused by the downward (inward) pull of gravity.
What causes the inward acceleration of the ball on

golf ball

s2

s1
s2 – s1

–s1
d
ar
inwpull

g

strin

– s8

s9

s9 – s8
s8

s6 – s5
s5

–s5
–
s6

Figure 23

Attach a string to a golf ball, and swing the ball in a
horizontal circle over your head. The ball stays in the
circular path as long as you pull in on the string.

3-21

the string? The answer is, the string itself. To keep
the ball moving in a circle, you have to pull in on the
string. In turn the string pulls in on the ball. If you
let go of the string, the ball will go flying off, and will
no longer have the inward acceleration caused by the
string.
One of the reasons we have used the name a vector,
rather than just calling it the acceleration, is that for
most people, it is not obvious that an object moving
at constant speed in a circle is actually accelerating
toward the center of the circle. We tend to think of
things flying outward when we go around in a circle.
But the a vector points inward.
If you put a grocery bag in the center of the back seat
of your car, and drive around a short corner (go
around part of a small radius circle), the grocery bag
will slide or tip outward away from the center of the
circle. The reason that the bag slides outward is that
it lacks the pull required to keep it in a circular
orbit. The bag is trying to go in a straight line while
the car is turning into the circle.
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PROJECTILE MOTION WITH AIR
RESISTANCE
So far we have avoided the effect of air resistance,
first by discussing a steel ball projectile whose
motion was essentially unaffected by air resistance,
and then by studying John Glenn’s orbit which is in
a vacuum. Now we want to end the chapter with an
example where air resistance has a noticeable effect,
by using a Styrofoam ball as a projectile.
What is air resistance? Here is one way of looking at
it. If you are riding in a car that is going quite fast, and
you stick your hand out the window, the air rushing by
the car pushes your hand back. This is air resistance,
acting on your hand as your hand moves rapidly
through the air.

This is a new situation where we have two things
(forces) acting on an object. Gravity is pulling
straight down, and the wind is pushing back opposite
to vball . We know that gravity creates a downward
acceleration. What does the force of the wind do,
and what happens when these two forces act at the
same time?
We will get a fairly good answer to these questions
by studying the motion of the Styrofoam projectile
shown below in Figure (25a). On the next page we
locate the images on graph paper to see what happens to the Styrofoam ball’s acceleration vectors.

Consider air resistance acting on a projectile in one
of our strobe photographs. If you were riding on the
ball as indicated by the stick figure in Figure (24),
you would feel a wind in your face, a wind whose
velocity relative to you would be exactly opposite to
the ball’s velocity vball at that point.
And like the force of the wind on your arm when you
stick your arm out of the car, the wind you feel in
Figure (24) should be pushing back in the direction
you feel it blowing.
Wi

nd

Figure 25a

Vb

all

Figure 24

A person riding on a moving ball would
feel a wind whose velocity was opposite
to the velocity of the ball.

Strobe photograph of a Styrofoam ball projectile.
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In Figure (25) we have superimposed images of the
Styrofoam ball projectile on a graph paper grid. On
the grid we have located seven ball positions and
shown six displacement vectors s – 1 up to s 4 .
We have also drawn the negative of the first five of
these so that we could construct the difference
vectors ( s 0 – s – 1 ), ( s 1 – s 0 ), ... ( s 4 – s 3 ) shown as
downward thicker, darker arrows. The ball’s acceleration at these five points is the corresponding
difference vectors divided by Δt 2 . For example at
position labeled (2) the acceleration is
0

0

s –1

s0

s2 – s 1
(11 repeated)
Δt 2
Figure (25) looks much like our steel ball projectile
graphs except for one thing. The acceleration no
longer points straight down, and the vectors are no
longer the same length. With the steel projectile all
the acceleration vectors pointed straight down and
had a constant magnitude of about 10 meters /sec2 .
This is the acceleration caused by gravity, and is
usually designated by the symbol g .
a2 =
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Figure 25

Graphical analysis of the motion of a Styrofoam ball projectile.
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Something has happened to the acceleration vector
of the Styrofoam ball. To figure out what happened,
consider Figure (26) where we compare the
Styrofoam ball’s acceleration vectors with the uniform acceleration vectors g that the steel ball had.
(You can get the length of the Styrofoam ball’s
acceleration vectors a 0 through a 4 by noting that
each g vector has a length of 10 meters/ sec 2 .)
One thing we note is that as the Styrofoam ball enters
the downward part of its fall, its acceleration vector
begins to get shorter. At position (4) the ball’s
acceleration vector is about half as long as the
acceleration due to gravity. If we could have contin-

0

To see how the ball’s motion through the air is
affecting its acceleration, we have in Figure (27)
drawn a stick figure riding with the ball, in each case
facing the wind she feels due to her motion. We
begin to see that it is this wind that appears to be
blowing the ball’s acceleration vector back.

Wind

1
a0

ued this photograph down for several more meters,
we would find that the ball’s acceleration vector
vanishes entirely and the ball drifts down at constant
velocity. We say that the ball reaches its terminal
velocity. That is the velocity where air resistance
cancels the effects of gravity.
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Figure 26

Figure 27

Styrofoam ball acceleration vectors compared
with the acceleration due to gravity.

If you were riding on the ball, you would
feel a wind directed oppositely to your
current velocity.

Description of Motion

For a more detailed look at the effect of the wind, we
have in Figure (28) connected the tips of the vectors
g and a ball with a vector we call a air. We use the
name a air for this vector, because in each case this
vector is essentially parallel to the direction of the
wind felt by the person riding on the ball.
We have included enlargements of the vectors at
positions (0) and (3) to make it easier to see the a air
vectors.
For all 5 positions we have the vector equation
a ball = g + a air

(16)
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This equation is telling us something remarkable.
When the force of gravity alone is acting (as for the
steel projectile), it produces an acceleration g . The
force of the wind felt by the Styrofoam ball appears
to be creating its own acceleration a air. We can tell
this by the fact that a airalways points in the same
direction as the wind. And when both forces are
acting, the ball has an acceleration that is the
vector sum of the accelerations that each force
would produce separately.
This result, as you will see later on, lies at the core of
Newtonian mechanics. It is rather neat that we have
uncovered this result simply by studying acceleration vectors a .
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Figure 28
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Introducing the vector
aair , representing the
acceleration produced
by the force of the
wind.
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CHAPTER 3 REVIEW
In this chapter we use strobe photographs to analyze
the motion of an object. We used a strobe flashing
interval Δt that was short enough to display all the
kinks in the motion, but not so short that images
overlaped. For most of our images a convenient time
interval was Δ t = .1 second .
Displacement Vector
Figure (10) shows the strobe photograph of a steel ball
projectile with Δ t = .1 second . On the graph paper
we have located the position of the ball at 6 locations
and drawn 5 displacement vectors s – 1 , s 0 , . . . s 4
to represent the path of the ball. As an example, s 0 is
a horizontal vector whose length is 18.3 cm long. We
can write this length as
(17)
Velocity Vector
We define the velocity vector as the displacement
vector divided by the time . Thus from Figure
(10) we can construct the velocity vectors
,
up to
. An
example is
which is a horizontal vector of magnitude

Acceleration Vector
In Figure (10) we see that the displacement vectors
and thus the velocity vectors
are
changing along the path of the ball. We defined a
new vector, later called the acceleration vector as the
change in velocity divided by the time during which the
velocity takes place. For example the acceleration
at position 1 in Figure (10) is the change in velocity
divided by the time it takes to go from one
velocity vector to the next one, giving
(9)
For graphical work, we found it convenient to express the velocity vectors in terms of the displacement vectors that can be measured directly from
the strobe photograph. Thus we write the acceleration vector , as

(11)
Equation (11) allows us to determine acceleration
vectors directly from a strobe photograph.

(18)
In a strict sense,
represents the average velocity
of the ball while it is traveling from position 0 to
position 1.
0

s–1
–1

s0

In Figure (17) we constructed all the vectors
for the strobe photograph of Figure (10), and see that
they all point straight down and all have a length of 10
cm.
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Here we see that
vectors like ( s2 – s1)
all point down and are
all 10 centimeters long.
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Figure 17

Strobe photograph of steel ball projectile.

Strobe analysis of steel ball projectile.
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As a result, throughout the strobe photograph, all the
acceleration vectors point straight down and have the
same length given by

(13)
Figure (17) tells us that the steel ball is moving with
constant acceleration that is directed toward the center
of the earth and has a magnitude we call g given by

Air Resistance
When you put your hand out of the window of a moving
car, you feel the force of the wind acting on your hand.
A Styrofoam ball projectile feels the same kind of force.
In Figure (28) we see that a similar wind blowing on the
Styrofoam projectile blows the ball’s acceleration
vector back. We will see the significance of this result
in Chapter 8 during our discussion of Newton’s laws of
motion.
0

1

aball g

(19)
(The textbook value for g is
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John Glenn in Orbit
In Figure (21) we constructed a strobe photograph of
John Glenn’s orbit in space. It is a circular orbit 260
kilometers above the surface of the earth. We then
constructed the vectors like
at three positions around the orbit and found that all three vectors
pointed toward the center of the earth. When we put in
numbers, we found that at each location Glenn’s
acceleration
had a magnitude of
, the same as the steel ball projectile.
Both the steel ball and John Glenn have essentially the
same acceleration toward the center of the earth.
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John Glenn in orbit.
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Introducing the vector
, representing the
acceleration produced by the force of the wind.
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CHAPTER EXERCISES
Exercise 1 0n page 9
Find the length or magnitude of the five displacement
vectors in Figure (10).
Exercise 2 0n page 9
Calculate the average speeds
to
the five intervals shown in Figure (10).

for the ball in

Exercise 3 0n page 15
Analyze another strobe photograph.
Exercise 4 0n page 17
Analyze a strobe photograph for a moon projectile.

