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CHAPTER ON GEOMETRICAL OPTICS

Geometrical Optics
For over 100 years, from the time of Newton and
Huygens in the late 1600s, until 1801 when Thomas
Young demonstrated the wave nature of light with his
two slit experiment, it was not clear whether light
consisted of beams of particles as proposed by Newton,
or was a wave phenomenon as put forward by Huygens.
The reason for the confusion is that almost all common
optical phenomena can be explained by tracing light
rays. The wavelength of light is so short compared to
the size of most objects we are familiar with, that light
rays produce sharp shadows and interference and
diffraction effects are negligible.
incident wave

Figure 36-1

An incident
wave passing
over a small
object produces
a circular
scattered wave.

To see how wave phenomena can be explained by ray
tracing, consider the reflection of a light wave by a
metal surface. When a wave strikes a very small object,
an object much smaller than a wavelength, a circular
scattered wave emerges as shown in the ripple tank
photograph of Figure (36-1) reproduced here. But
when a light wave impinges on a metal surface consisting of many small atoms, represented by the line of dots
in Figure (36-2), the circular scattered waves all add
up to produce a reflected wave that emerges at an angle
of reflection θr equal to the angle of incidence θi .
Rather than sketching the individual crests and troughs
of the incident wave, and adding up all the scattered
waves, it is much easier to treat the light as a ray that
reflected from the surface. This ray is governed by the
law of reflection, namely θr = θi .
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Figure 36-2

Reflection of light. In the photograph, we see an incoming plane wave scattered by a small object. If the
object is smaller than a wavelength, the scattered waves are circular. When an incoming light wave strikes
an array of atoms in the surface of a metal, the scattered waves add up to produce a reflected wave that
comes out at an angle of reflection θ r equal to the angle of incidence θ i .
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The subject of geometrical optics is the study of the
behavior of light when the phenomena can be explained by ray tracing, where shadows are sharp and
interference and diffraction effects can be neglected.
The basic laws for ray tracing are extremely simple. At
a reflecting surface θr = θi , as we have just seen. When
a light ray passes between two media of different
indexes of refraction, as in going from air into glass or
air into water, the rule is n1 sin θ 1 = n2 sin θ 2 , where
n1 and n2 are constants called indices of refraction,
and θ1 and θ2 are the angles that the rays made with
the line perpendicular to the interface. This is known
as Snell’s law.

In most introductory texts, geometrical optics appears
after Maxwell’s equations and theory of light. There is
a certain logic to this, first introducing a basic theory
for light and then treating geometrical optics as a
practical application of the theory. But this is clearly
not an historical approach since geometrical optics
was developed centuries before Maxwell’s theory. Nor
is it the only logical approach, because studying lens
systems teaches you nothing more about Maxwell’s
equations than you can learn by deriving Snell’s law.
Geometrical optics is an interesting subject full of
wonderful applications, a subject that can appear
anywhere in an introductory physics course.

This entire chapter is based on the two rules θr = θi
and n1 sin θ 1 = n2 sin θ 2 . These rules are all that are
needed to understand the function of telescopes, microscopes, cameras, fiber optics, and the optical components of the human eye. You can understand the
operation of these instruments without knowing anything about Newton’s laws, kinetic and potential energy, electric or magnetic fields, or the particle and
wave nature of matter. In other words, there is no
prerequisite background needed for studying geometrical optics as long as you accept the two rules
which are easily verified by experiment.

We have a preference not to introduce geometrical
optics after Maxwell’s equations. With Maxwell’s
theory, the student is introduced to the wave nature of
one component of matter, namely light. If the focus is
kept on the basic nature of matter, the next step is to look
at the photoelectric effect and the particle nature of
light. You then see that light has both a particle and a
wave nature, which opens the door to the particle-wave
nature of all matter and the subject of quantum mechanics. We have a strong preference not to interrupt
this focus on the basic nature of matter with a long and
possibly distracting chapter on geometrical optics.
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REFLECTION FROM CURVED SURFACES

The Mormon Tabernacle, shown in Figure (1), is
constructed in the shape of an ellipse. If one stands at
one of the focuses and drops a pin, the pin drop can be
heard 120 feet away at the other focus. The reason why
can be seen from Figure (2), which is similar to Figure
(8-28) where we showed you how to draw an ellipse
with a pencil, a piece of string, and two thumbtacks.
The thumbtacks are at the focuses, and the ellipse is
drawn by holding the string taut as shown. As you
move the pencil point along, the two sections of string
always make equal angles θ i and θ r to a line perpen-

dicular or normal to the part of the ellipse we are
drawing. The best way to see that the angles θ i and θ r
are always equal is to construct your own ellipse and
measure these angles at various points along the curve.
If a sound wave were emitted from focus 1 in Figure (2),
the part of the wave that traveled over to point A on the
ellipse would be reflected at an angle θ r equal to the
angle of incidence θ i , and travel over to focus 2. The
part of the sound wave that struck point B on the ellipse,
would be reflected at an angle θ r equal to it’s angle of
incidence θ i , and also travel over to focus 2. If you
think of the sound wave as traveling out in rays, then all
the rays radiated from focus 1 end up at focus 2, and that
is why you hear the whisper there. We say that the rays
are focused at focus 2, and that is why these points are
called focuses of the ellipse. (Note also that the path
lengths are the same, so that all the waves arriving at
focus 2 are in phase.)
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Mormon Tabernacle under construction, 1866.
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Figure 2

Mormon Tabernacle finished, 1871.

Drawing an ellipse using a string and two thumbtacks.

Mormon Tabernacle today.

Figure 2a

Figure 1

A superposition of the top half of Figure 2 on Figure 1.
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The Parabolic Reflection
You make a parabola out of an ellipse by moving one
of the focuses very far away. The progression from a
parabola to an ellipse is shown in Figure (3). For a true
parabola, the second focus has to be infinitely far away.
Suppose a light wave were emitted from a star and
traveled to a parabolic reflecting surface. We can think
of the star as being out at the second, infinitely distant,
focus of the parabola. Thus all the light rays coming in
from the star would reflect from the parabolic surface
and come to a point at the near focus. The rays from the
star approach the reflector as a parallel beam of rays,
thus a parabolic reflector has the property of focusing
parallel rays to a point, as shown in Figure (4a).

If parallel rays enter a deep dish parabolic mirror from
an angle off axis as shown in Figure (4b), the rays do not
focus to a point, with the result that an off axis star
would appear as a blurry blob. (This figure corresponds
to looking at a star 2.5° off axis, about 5 moon diameters
from the center of the field of view.)

parallel rays coming
in from infinity

focus
circle

parabolic
reflector

ellipse

Figure 4a

Parallel rays, coming down the axis
of the parabola, focus to a point.
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Figure 3

Evolution of an ellipse into a parabola. For a
parabola, one of the focuses is out at infinity.

Figure 4b

For such a deep dish parabola, rays coming
in at an angle of 2.5° do not focus well.
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One way to get sharp images for parallel rays coming
in at an angle is to use a shallower parabola as illustrated
in Figure (4c). In that figure, the focal length (distance
from the center of the mirror to the focus) is 2 times the
mirror diameter, giving what is called an f 2 mirror. In
Figure (4d), you can see that rays coming in at an angle
of 2.5° (blue lines) almost focus to a point. Typical
amateur telescopes are still shallower, around f 8,
which gives a sharp focus for rays off angle by as much
as 2° to 3°.

As we can see in Figure (4d), light coming from two
different stars focus at two different points in what is
called the focal plane of the mirror. If you placed a
photographic film at the focal plane, light from each
different star, entering as parallel beams from different
angles, would focus at different points on the film, and
you would end up with a photographic image of the
stars. This is how distant objects like stars are photographed with what is called a reflecting telescope.

f 2 mirror

light from star on axis

Figure 4c

A shallow dish is made by using only the shallow bottom of the parabola. Here the focal length is twice the
diameter of the dish, giving us an f2 mirror. Typical amateur telescopes are still shallower, having a focal
length around 8 times the mirror diameter (f8 mirrors). [The mirror in Figure 4b, that gave a bad focus, was
f.125, having a focal length 1/8 the diameter of the mirror.]

axis

focus #1

focus #2

light from star #1, on axis
Figure 4d

We can think of this drawing as representing light coming in from a red star at the center of the field of
view, and a blue star 2.5° (5 full moon diameters) away. Separate images are formed, which could be
recorded on a photographic film. With this shallow dish, the off axis image is sharp (but not quite a point).

f 2 mirror

light from star #2, 2.5° off

Optics-6

MIRROR IMAGES
The image you see in a mirror, although very familiar,
is still quite remarkable in its reality. Why does it look
so real? You do not need to know how your eye works
to begin to see why.
Consider Figure (5a) where light from a point source
reaches your eye. We have drawn two rays, one from
the source to the top of the eye, and one to the bottom.
In Figure (5b), we have placed a horizontal mirror as
shown and moved the light source a distance h above
the mirror equal to the distance it was below the mirror
before the mirror was inserted. Using the rule that the
angle of incidence equals the angle of reflection, we
again drew two rays that went from the light source to
eye

B

point source
A
Figure 5a

Light from a point source reaching your eye.

eye

the top and to the bottom of the eye. You can see that
if you started at the eye and drew the rays back as
straight lines, ignoring the mirror, the rays would
intersect at the old source point A as shown by the
dotted lines in Figure (5b).
To the eye (or a camera) at point B, there is no
detectable difference between Figures (5a) and (5b). In
both cases, the same rays of light, coming from the
same directions enter the eye. Since the eye has no way
of telling that the rays have been bent, we perceive that
the light source is at the image point A rather than at
the source point A′.
When we look at an extended object, its image in the
mirror does not look identical to the object itself. In
Figure (6), my granddaughter Julia is holding her right
hand in front of a mirror and her left hand off to the side.
The image of the right hand looks like the left hand. In
particular, the fingers of the mirror image of the right
hand curl in the opposite direction from those of the
right hand itself. If she were using the right hand rule to
find the direction of the angular momentum of a
rotating object, the mirror image would look as if she
were using a left hand rule.
It is fairly common knowledge that left and right are
reversed in a mirror image. But if left and right are
reversed, why aren’t top and bottom reversed also?
Think about that for a minute before you go on to the
next paragraph.

A' point source
B
h
mirror
h
mirror image
A
Figure 5b

There is no difference when the source is at point A,
or at point A’ and the light is reflected in a mirror.

Figure 6

The image of the right hand looks like a left hand.
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To see what the image of an extended object should be,
imagine that we place an arrow in front of a mirror as
shown in Figure (7). We have constructed rays from
the tip and the base of the arrow that reflect and enter
the eye as shown. Extending these rays back to the
image, we see that the image arrow has been reversed
front to back. That is what a mirror does. The mirror
image is reversed front to back, not left to right or top
to bottom. It turns out that the right hand, when
reversed front to back as in its image in Figure (6), has
the symmetry properties of a left hand. If used to define
angular momentum, you would get a left hand rule.
eye

mirror

Figure 7

A mirror image changes front to back, not left to right.

B

If you mount three mirrors perpendicular to each other
to form the corner of a cube, then light entering this so
called corner reflector from any angle goes back in the
direction from which it came. The Apollo II astronauts
placed the array of corner reflectors shown in Figure
(8b) on the surface of the moon, so that a laser beam
from the earth would be reflected back from a precisely
known point on the surface of the moon. By measuring
the time it took a laser pulse to be reflected back from
the array, the distance to the moon could be measured
to an accuracy of centimeters. With the distance to the
moon known with such precision, other distances in the
solar system could then be determined accurately.

A

θ1
C

The Corner Reflector
When two vertical mirrors are placed at right angles as
shown in Figure (8a), a horizontal ray approaching the
mirrors is reflected back in the direction from which it
came. It is a little exercise in trigonometry to see that
this is so. Since the angle of incidence equals the angle
of reflection at each mirror surface, we see that the
angles labeled θ 1 must be equal to each other and the
same for the angles θ 2 . From the right triangle ABC,
we see that θ 1 + θ 2 = 90°. We also see that the angles
θ 2 + θ 3 also add up to 90°, thus θ 3 = θ 1 , which
implies the exiting ray is parallel to the entering one.

θ1

θ2
θ2

θ3

Figure 8a

Figure 8b

With a corner reflector, the light is reflected back
it the same direction from which it arrived.

Array of corner reflectors left on the moon by the
Apollo astronauts. A laser pulse from the earth,
aimed at the reflectors, returns straight back to the
laser. By measuring the time the pulse takes to go
to the reflectors and back, the distance to that point
on the moon and back can be accurately measured.

Optics-8

MOTION OF LIGHT THROUGH A MEDIUM

We are all familiar with the fact that light can travel
through clear water or clear glass. With some of the
new glasses developed for fiber optics communication,
light signals can travel for miles without serious distortion. If you made a mile thick pane from this glass you
could see objects through it.
From an atomic point of view, it is perhaps surprising
that light can travel any distance at all through water or
glass. A reasonable picture of what happens when a
light wave passes over an atom is provided by the ripple
tank photograph shown in Figure (36-1) reproduced
here. The wave scatters from the atom, and since atoms
are considerably smaller than a wavelength of visible

light, the scattered waves are circular like those in the
ripple tank photograph. The final wave is the sum of the
incident and the scattered waves as shown in Figure
(36-1a).
When light passes through a medium like glass or
water, the wave is being scattered by a huge number of
atoms. The final wave pattern is the sum of the incident
wave and all of the many billions of scattered waves.
You might suspect that this sum would be very complex, but that is not the case. At the surface some of the
incident wave is reflected. Inside the medium, the
incident and scattered waves add up to a new wave of
the same frequency as the incident wave but which
travels at a reduced speed. The speed of a light wave
in water for example is 25% less than the speed of light
in a vacuum.

incident wave

a) Incident and scattered wave together.

incident wave

b) After incident wave has passed.

Figure 36-1

If the scattering object is smaller than a wavelength, we get circular scattered waves.
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The optical properties of lenses are a consequence of
this effective reduction in the speed of light in the lens.
Figure (9) is a rather remarkable photograph of individual short pulses of laser light as they pass through
and around a glass lens. You can see that the part of the
wave front that passed through the lens is delayed by its
motion through the glass. The thicker the glass, the
greater the delay. You can also see that the delay
changed the shape and direction of motion of the wave
front, so that the light passing through the lens focuses
to a point behind the lens. This is how a lens really
works.

Index of Refraction
The amount by which the effective speed of light is
reduced as the light passes through a medium depends
both upon the medium and the wavelength of the light.
There is very little slowing of the speed of light in air,
about a 25% reduction in speed in water, and nearly a
59% reduction in speed in diamond. In general, blue
light travels somewhat slower than red light in nearly all
media.
It is traditional to describe the slowing of the speed of
light in terms of what is called the index of refraction of
the medium. The index of refraction n is defined by the
equation

speed of light
in a medium

vlight =

c
n

(1)

The index n has to equal 1 in a vacuum because light
always travels at the speed 3 × 10 8 meters in a vacuum.
The index n can never be less than 1, because nothing
can travel faster than the speed c. For yellow sodium
light of wavelength λ = 5.89 × 10 – 5 cm (589 nanometers), the index of refraction of water at 20° C is
n = 1.333, which implies a 25% reduction in speed. For
diamond, n = 2.417 for this yellow light. Table 1 gives
the indices of refraction for various transparent substances for the sodium light.
Figure 9

Motion of a wave front through a glass lens. The delay
in the motion of the wave front as it passes through the
glass changes the shape and direction of motion of the
wave front, resulting in the focusing of light. (This
photograph should not be confused with ripple tank
photographs where wavelengths are comparable to the
size of the objects. Here the wavelength of the light is
about one hundred thousand times smaller than the
diameter of the lens, with the result we get sharp
shadows and do not see diffraction effects.)

In the 18/February/1999 issue of Nature it was
announced that a laser pulse travelled through a gas
of supercooled sodium atoms at a speed of 17 meters
per second! (You can ride a bicycle faster than that.)
This means that the sodium atoms had an index of
refraction of about 18 million, 7.3 million times
greater than that of diamond!

Vacuum
Air (STP)
Ice
Water (20° C)
Ethyl alcohol
Fuzed quartz
Sugar solution (80%)
Typical crown glass
Sodium Chloride
Polystyrene
Heavy flint glass
Sapphire
Zircon
Diamond
Rutile
Gallium phosphide
Very cold sodium atoms

1.00000 exactly
1.00029
1.309
1.333
1.36
1.46
1.49
1.52
1.54
1.55
1.65
1.77
1.923
2.417
2.907
3.50
18000000 for laser pulse

Table 1

Some indices of refraction for yellow sodium light at a
wavelength of 589 nanometers.

Optics-10

Exercise 1a
What is the speed of light in air, water, crown glass, and
diamond. Express your answer in feet/nanosecond.
(Take c to be exactly 1 ft/nanosecond.)
Exercise 1b
(The index quoted on the previous page was for the
slowest observed pulse. The pulse we are now considering went a bit faster.)

CERENKOV RADIATION

faster than the speed of light in plastic, and as a result
emitted a flash of light in the form of Cerenkov
radiation. When the muon decayed, a charged positron
and a neutral neutrino were emitted. In most cases the
charged positron emerged faster than the speed of light
in the plastic, and also emitted Cerenkov radiation. The
two flashes of light were detected by the phototube
which converted the light flashes to voltage pulses. The
voltage pulses were then displayed on an oscilloscope
screen where the time interval between the pulses could
be measured. This interval represented the time that the
muon lived, mostly at rest, in the plastic.

In our discussion, in Chapter 1, of the motion of light
through empty space, we saw that nothing, not even
information, could travel faster than the speed of light.
If it did, we could, for example, get answers to questions that had not yet been thought of.
When moving through a medium, the speed of a light
wave is slowed by repeated scattering and it is no longer
true that nothing can move faster than the speed of light
in that medium. We saw for example that the speed of
light in water is only 3/4 the speed c in vacuum. Many
elementary particles, like the muons in the muon
lifetime experiment, travel at speeds much closer to c.
When a charged particle moves faster than the speed of
light in a medium, we get an effect not unlike the sonic
boom produced by a supersonic jet. We get a shock
wave of light that is similar to a sound shock wave
(sonic boom), or to the water shock wave shown in
Figure (33-30) reproduced here. The light shock wave
is called Cerenkov radiation after the Russian physicist Pavel Cerenkov who received the 1958 Nobel prize
for discovering the effect.
In the muon lifetime picture, one observed how long
muons lived when stopped in a block of plastic. The
experiment was made possible by Cerenkov radiation.
The muons that stopped in the plastic, entered moving

Figure 33-30

When the source of the waves moves faster than the
speed of the waves, the wave fronts pile up to produce
a shock wave as shown. This shock wave is the sonic
boom you hear when a jet plane flies overhead faster
than the speed of sound.
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SNELL’S LAW
When a wave enters a medium of higher index of
refraction and travels more slowly, the wavelength of
the wave changes. The wavelength is the distance the
wave travels in one period, and if the speed of the wave
is reduced, the distance the wave travels in one period
is reduced. (In most cases, the frequency or period of
the wave is not changed. The exceptions are in
fluorescence and nonlinear optics where the frequency
or color of light can change.)
We can calculate how the wavelength changes with
wave speed from the relationship
cm
vwave
sec
cm
λ
=
sec
cycle
T
cycle
Setting vwave = c/n for the speed of light in the medium, gives for the corresponding wavelength λ n
λ0
vwave
c/n
1c
λn =
=
=
=
(2)
T
n
T
nT
where λ 0 = c/T is the wavelength in a vacuum. Thus,
for example, the wavelength of light entering a diamond from air will be shortened by a factor of 1/2.42.

The only way that the wavelength can be shorter and
still have the same number of waves is for the wave to
bend at the boundary as shown. We have drawn arrows
showing the direction of the wave in the deep water (the
incident wave) and in the shallow water (what we will
call the transmitted or refracted wave), and we see that
the change in wavelength causes a sudden change in
direction of motion of the wave. If you look carefully
you will also see reflected waves which emerge at an
angle of reflection equal to the angle of incidence.
Figure (11) shows a beam of yellow light entering a
piece of glass. The index of refraction of the glass is
1.55, thus the wavelength of the light in the glass is only
.65 times as long as that in air ( n ≈ 1 for air). You can
see both the bending of the ray as it enters the glass and
also the reflected ray. (You also see internal reflection
and the ray emerging from the bottom surface.) You
cannot see the individual wave crests, but otherwise
Figures (10) and (11) show similar phenomena.

REFLECTED

What happens when a set of periodic plane waves goes
from one medium to another is illustrated in the ripple
tank photograph of Figure (10). In this photograph, the

water has two depths, deeper on the upper part where
the waves travel faster, and shallower in the lower part
where the waves travel more slowly. You can see that
the wavelengths are shorter in the lower part, but there
are the same number of waves. (We do not gain or loose
waves at the boundary.) The frequency, the number of
waves that pass you per second, is the same on the top
and bottom.
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Figure 11

Refraction at surface of water. When the waves enter
shallower water, they travel more slowly and have a
shorter wavelength. The waves must travel in a
different direction in order for the crests to match up.

Refraction at surface of glass. When the light waves
enter the glass, they travel more slowly and have a
shorter wavelength. Like the water waves, the light
waves must travel in a different direction in order for
the crests to match up.
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Derivation of Snell’s Law
To calculate the angle by which a light ray is bent when
it enters another medium, consider the diagram in
Figure (12). The drawing represents a light wave,
traveling in a medium of index n 1, incident on a
boundary at an angle θ 1. We have sketched successive
incident wave crests separated by the wavelength λ 1.
Assuming that the index n 2 in the lower medium is
greater than n 1, the wavelength λ 2 will be shorter than
λ 1 and the beam will emerge at the smaller angle θ 2.
To calculate the angle θ 2 at which the transmitted or
refracted wave emerges, consider the detailed section
of Figure (12) redrawn in Figure (13a). Notice that we
have labeled two apparently different angles by the
same label θ 1. Why these angles are equal is seen in the
construction of Figure (13b) where we see that the
angles α and θ 1 are equal.
Exercise 2

Since the triangles ACB and ADB are right triangles in
Figure (13a), we have
λ 1 = AB sin θ 1 = λ 0 /n 1

(3)

λ 2 = AB sin θ 2 = λ 0 /n 2

(4)

where AB is the hypotenuse of both triangles and λ 0 is
the wavelength when n 0 = 1. When we divide Equation 4 by Equation (5), the distances AB and λ 0 cancel,
and we are left with
sin θ 1
sin θ 2

=

n2
n1

or
n 1 sin θ 1 = n 2 sin θ 2

(5)

Snell's law

Equation (5), known as Snell’s law, allows us to
calculate the change in direction when a beam of light
goes from one medium to another.
in

Show that the two angles labeled θ2 in Figure (13a)
must also be equal.
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Detail.
Figure 12

Analysis of refraction. The crests must match at the
boundary between the different wavelength waves.

α

β

θ1

α + β = 90°
θ1 + β = 90°
α = θ1
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INTERNAL REFLECTION
Because of the way rays bend at the interface of two
media, there is a rather interesting effect when light
goes from a material of higher to a material of lower
index of refraction, as in the case of light going from
water into air. The effect is seen clearly in Figure (14).
Here we have a multiple exposure showing a laser
beam entering a tank of water, being reflected by a
mirror, and coming out at different angles. The outgoing ray is bent farther away from the normal as it
emerges from the water. We reach the point where the
outgoing ray bends and runs parallel to the surface of
the water. This is a critical angle, for if the mirror is
turned farther, the ray can no longer get out and is
completely reflected inside the surface.

It is easy to calculate the critical angle θ c at which this
complete internal reflection begins. Set the angle of
refraction, θ 2 in Figure (14), equal to 90° and we get
from Snell’s law
n 1 sinθ c = n 2 sinθ 2 = n 2 sin90° = n 2
sinθ c =

n2
;
n1

θ c = sin –1

n2
n1

(6)

For light emerging from water, we have n 2 ≈ 1 for air
and n 1 = 1.33 for water giving
1
sin –1 θ 2 =
= .75
1.33
(7)

θ c = 48.6°

Anyone who swims underwater, scuba divers especially, are quite familiar with the phenomenon of
internal reflection. When you look up at the surface of
the water, you can see the entire outside world through
a circular region directly overhead, as shown in Figure
(14a). Beyond this circle the surface looks like a silver
mirror.
Exercise 3
Figure 14

Internal reflection. We took three exposures of a
laser beam reflecting off an underwater mirror set at
different angles. In the first case the laser beam
makes it back out of the water and strikes a white
cardboard behind the water tank. In the other two
cases, there is total internal reflection at the under
side of the water surface. In the final exposure we
used a flash to make the mirror visible.

A glass prism can be used as shown in Figure (15) to
reflect light at right angles. The index of refraction ng of
the glass must be high enough so that there is total
internal reflection at the back surface. What is the least
value ng one can have to make such a prism work?
(Assume the prism is in the air where n ≈ 1 .)

Figure 15
.6°
48

diver looking up

Figure 14a

When you are swimming under water and look up,
you see the outside world through a round hole.
Outside that hole, the surface is a silver mirror.

Right angled prism. The
index of refraction of the
glass has to be high enough
to cause total internal
reflection.

45°
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Fiber Optics
Internal reflection plays a critical role in modern communications and modern medicine through fiber optics. When light is sent down through a glass rod or
fiber so that it strikes the surface at an angle greater than
the critical angle, as shown in Figure (16a), the light
will be completely reflected and continue to bounce
down the rod with no loss out through the surface. By
using modern very clear glass, a fiber can carry a light
signal for miles without serious attenuation.
The reason it is more effective to use light in glass fibers
than electrons in copper wire for transmitting signals,
is that the glass fiber can carry information at a much
higher rate than a copper wire, as indicated in Figure
(16b). This is because laser pulses traveling through
glass, can be turned on and off much more rapidly than
electrical pulses in a wire. The practical limit for
copper wire is on the order of a million pulses or bits of
information per second (corresponding to a baud rate
of one megabit). Typically the information rate is

Figure 16a

Because of internal
reflections, light can
travel down a glass
fiber, even when the
fiber is bent.

much slower over commercial telephone lines, not
much in excess of 30 to 50 thousand bits of information
per second (corresponding to 30 to 50 kilobaud).
These rates are fast enough to carry telephone conversations or transmit text to a printer, but painfully slow
for sending pictures and much too slow for digital
television signals. High definition digital television
will require that information be sent at a rate of about
3 million bits or pulses every 1/30 of a second for a baud
rate of 90 million baud. (Compare that with the baud
rate on your computer modem.) In contrast, fiber optics
cables are capable of carrying pulses or bits at a rate of
about a billion ( 10 9 ) per second, and are thus well
suited for transmitting pictures or many phone conversations at once.
By bundling many fine fibers together, as indicated in
Figure (17), one can transmit a complete image along
the bundle. One end of the bundle is placed up against
the object to be observed, and if the fibers are not mixed
up, the image appears at the other end.
To transmit a high resolution image, one needs a bundle
of about a million fibers. The tiny fibers needed for this
are constructed by making a rather large bundle of
small glass strands, heating the bundle to soften the
glass, and then stretching the bundle until the individual strands are very fine. (If you have heated a glass
rod over a Bunsen burner and pulled out the ends, you
have seen how fine a glass fiber can be made this way.)

Figure 17

Figure 16b

A single glass fiber can carry the same amount
of information as a fat cable of copper wires.

A bundle of glass fibers
can be used to carry an
image from one point to
another. The order of a
million fibers are needed
to carry the medical
images seen on the next
page.
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Medical Imaging
The use of fiber optics has revolutionized many aspects
of medicine. It is an amazing experience to go down
and look inside your own stomach and beyond, as the
author did a few years ago. This is done with a flexible
fiber optics instrument called a retroflexion, producing
the results shown in Figure (18). An operation, such as
the removal of a gallbladder, which used to require
opening the abdomen and a long recovery period, can
now be performed through a small hole near the navel,
using fiber optics to view the procedure. You can see
the viewing instrument and such an operation in progress
in Figure (19).
flexible optical
fiber viewing
scope

stomach

PRISMS
So far in our discussion of refraction, we have considered only beams of light of one color, one wavelength.
Because the index of refraction generally changes with
wavelength, rays of different wavelength will be bent
at different angles when passing the interface of two
media. Usually the index of refraction of visible light
increases as the wavelength becomes shorter. Thus
when white light, which is a mixture of all the visible
colors, is sent through a prism as shown in Figure (20),
the short wavelength blue light will be deflected by a
greater angle than the red light, and the beam of light is
separated into a rainbow of colors.

θ (initia

l)

white
you are
here

duodenum

d

Gallbladder operation in progress, being viewed by the
rigid laparoscope shown on the right. Such views are
now recorded by high resolution television.

e

Figure 19

re

Close-up view of the
author taken by
photographer Dr.
Richard Rothstein.

blu

Figure 18

n(red)
= 1.516
n(yellow) = 1.522
n(green) = 1.525
n(blue) = 1.529
θ(initial) = 30.2°
Figure 20

When light is sent through a prism, it is separated into
a rainbow of colors. In this scale drawing, we find that
almost all the separation of colors occurs at the second
surface where the light emerges from the glass.
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Rainbows
Rainbows in the sky are formed by the reflection and
refraction of sunlight by raindrops. It is not, however,
particularly easy to see why a rainbow is formed. René
Descartes figured this out by tracing rays that enter and
leave a spherical raindrop.
In Figure (21a) we have used Snell’s law to trace the
path of a ray of yellow light that enters a spherical drop
of water (of index n = 1.33), is reflected on the back
side, and emerges again on the front side. (Only a
fraction of the light is reflected at the back, thus the
reflected beam is rather weak.) In this drawing, the
angle θ 2 is determined by sin θ 1 = 1.33 sin θ 2 .
At the back, the angles of incidence and reflection are
equal, and at the front we have 1.33 sin θ 2 = sin θ 1
(taking the index of refraction of air = 1). Nothing is
hard about this construction, it is fairly easy to do with
a good drafting program like Adobe Illustrator and a
hand calculator.

What is more important than the fact that the maximum
angle of deviation is 42° is the fact that the rays close to
#11 emerge as more or less parallel to each other. The
other rays, like those near #3 for example come out at
diverging angles. That light is spread out. But the light
emerging at 42° comes out as a parallel beam. When
you have sunlight striking many raindrops, more yellow light is reflected back at this angle of 42° than any
other angle.
13
12
11
10
9
8
7
6
5
4
3
2
1

42 degrees

2
3
4
5
8

In Figure (21b) we see what happens when a number of
parallel rays enter a spherical drop of water. (This is
similar to the construction that was done by Descartes
in 1633.) When you look at the outgoing rays, it is not
immediately obvious that there is any special direction
for the reflected rays. But if you look closely you will
see that the ray we have labeled #11 is the one that
comes back at the widest angle from the incident ray.

7
13

Figure 21b

6

Light from ray 11 comes out at
the maximum angle of 42°.
Nearby rays come out at nearly
the same angle, producing a
parallel beam at an angle of 42°.

9
10
11
12

Ray #1, through the center, comes straight back out.
Ray #2 comes out at a small angle. The angles increase
up to Ray #11, and then start to decrease again for Rays
#12 and #13. In our construction the maximum angle,
that of Ray #11, was 41.6°, close to the theoretical value
of 42° for yellow light.

red
42°

θ1

blue
θ2
θi
θr

Figure 21a

Light ray
reflecting from
a raindrop.

yellow

n = 1.33

ang
le
θ'2

42°
of s
un

Figure 21c

θ'1

You will see the yellow part of the rainbow at
an angle of 42° as shown above. Red will be
seen at a greater angle, blue at a lesser one.
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Repeat the construction for red light where the index of
refraction is slightly less than 1.33, and you find the
maximum angle of deviation and the direction of the
parallel beam is slightly greater than 42°. For blue light,
with a higher index, the deviation is less.
If you look at falling raindrops with the sun at your back
as shown in Figure (21c), you will see the yellow part
of the rainbow along the arc that has an angle of 42°
from the rays of sun passing you. The red light, having
a greater angle of deviation will be above the yellow,
and the blue will be below, as you can see in Figure
(21d).
Sometimes you will see two or more rainbows if the
rain is particularly heavy (we have seen up to 7). These
are caused by multiple internal reflections. In the
second rainbow there are two internal reflections and
the parallel beam of yellow light comes out at an angle
of 51°. Because of the extra reflection the red is on the
inside of the arc and the blue on the outside.

The Green Flash
The so called green flash at sunset is a phenomenon that
is supposed to be very rare, but which is easy to see if
you can look at a distant sunset through binoculars.
(Don’t look until the very last couple of seconds so that
you will not hurt your eyes.)
The earth’s atmosphere acts as a prism, refracting the
light as shown in Figure (22). The main effect is that
when you look at a sunset, the sun has already set; only
its image is above the horizon. But, as seen in Figure
(20), the atmospheric prism also refracts the different
colors in the white sunlight at different angles. Due to
the fact that the blue light is refracted at a greater angle
than the red light, the blue image of the sun is slightly
higher above the horizon than the green image, and the
green image is higher than the red image. We have over
emphasized the displacement of the image in Figure
(22). The blue image is only a few percent of the sun’s
diameter above the red image. Before the sun sets, the
various colored images are more or less on top of each
other and the sun looks more or less white.

Exercise 4
Next time you see a rainbow, try to measure the angle
the yellow part of the arc makes with the rays of sun
passing your head.

If it is a very clear day, and you watch the sunset with
binoculars, just as the sun disappears, for about 1/2
second, the sun turns a deep blue. The reason is that all
the other images have set, and for this short time only
this blue image is visible. We should call this the “blue
flash”.
greatly exaggerated
separation of
sun's images

blue image
green image
red image
sun

earth

Figure 22

Figure 21d

Rainbow over Cook’s Bay, Moorea.

The green flash. You can think
of the white sun as consisting of various
colored disks that add up to white. The earth’s
atmosphere acts as a prism, diffracting the light from the
setting sun, separating the colored disks. The blue disk is
the last to set. Haze in the atmosphere can block the blue
light, leaving the green disk as the last one seen.
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If the atmosphere is not so clear, if there is a bit of haze
or moisture as one often gets in the summer, the blue
light is absorbed by the haze, and the last image we see
setting is the green image. This is the origin of the green
flash. With still more haze you get a red sunset, all the
other colors having been absorbed by the haze.
Usually it requires binoculars to see the green or blue
colors at the instant of sunset. But sometimes the
atmospheric conditions are right so that this final light
of the sun is reflected on clouds and can be seen without
binoculars. If the clouds are there, there is probably
enough moisture to absorb the blue image, and the
resulting flash on the clouds is green.
Halos and Sun Dogs
Another phenomenon often seen is the reflection of
light from hexagonal ice crystals in the atmosphere.
The reflection is seen at an angle of 22° from the sun.
If the ice crystals are randomly oriented then we get a
complete halo as seen in Figure (23a). If the crystals are
falling with their flat planes predominately horizontal,
we only see the two pieces of the halo at each side of the
sun, seen in Figure (24). These little pieces of rainbow
are known as “sun dogs”.
Figure 23

Halo caused
by reflection
by randomly
oriented
hexagonal ice
crystals.

LENSES
The main impact geometrical optics has had on mankind is through the use of lenses in microscopes,
telescopes, eyeglasses, and of course, the human eye.
The basic idea behind the construction of a lens is
Snell’s law, but as our analysis of light reflected from
a spherical raindrop indicated, we can get complex
results from even simple geometries like a sphere.
Modern optical systems like the zoom lens shown in
Figure (25) are designed by computer. Lens design is
an ideal problem for the computer, for tracing light rays
through a lens system requires many repeated applications of Snell’s law. When we analyzed the spherical
raindrop, we followed the paths of 12 rays for an index
of refraction for only yellow light. A much better
analysis would have resulted from tracing at least 100
rays for the yellow index of refraction, and then repeating the whole process for different indices of refraction,
corresponding to different wavelengths or colors of
light. This kind of analysis, while extremely tedious to
do by hand, can be done in seconds on a modern
desktop computer.
In this chapter we will restrict our discussion to the
simplest of lens systems in order to see how basic
instruments, like the microscope, telescope and eye,
function. You will not learn here how to design a color
corrected zoom lens like the Nikon lens shown below.

Figure 24

Sun dogs
caused by
ice crystals
falling flat.

Figure 25

Nikon zoom lens.
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Spherical Lens Surface
A very accurate spherical surface on a piece of glass is
surprisingly easy to make. Take two pieces of glass, put
a mixture of grinding powder and water between them,
rub them together in a somewhat regular, somewhat
irregular, pattern that one can learn in less than 5
minutes. The result is a spherical surface on the two
pieces of glass, one being concave and the other being
convex. The reason you get a spherical surface from
this somewhat random rubbing is that only spherical
surfaces fit together perfectly for all angles and rotations. Once the spheres have the desired radius of
curvature, you use finer and finer grits to smooth out the
scratches, and then jeweler’s rouge to polish the surfaces. With any skill at all, one ends up with a polished
surface that is perfectly spherical to within a fraction of
a wavelength of light.
To see the optical properties of a spherical surface, we
can start with the ray diagram we used for the spherical
raindrop, and remove the reflections by extending the
refracting medium back as shown in Figure (26a). The
result is not encouraging. The parallel rays entering
near the center of the surface come together—focus—
quite a bit farther back than rays entering near the outer
edge. This range of focal distances is not useful in
optical instruments.

In Figure (26b) we have restricted the area where the
rays are allowed to enter to a small region around the
center of the surface. To a very good approximation all
these parallel rays come together, focus, at one point.
This is the characteristic we want in a simple lens, to
bring parallel incoming rays together at one point as the
parabolic reflector did.
Figure (26b) shows us that the way to make a good lens
using spherical surfaces is to use only the central part
of the surface. Rays entering near the axis as in Figure
(26b) are deflected only by small angles, angles where
we can approximate sin θ by θ itself. When the
angles of deflection are small enough to use small angle
approximations, a spherical surface provides sharp
focusing. As a result, in analyzing the small angle
spherical lenses, we can replace the exact form of
Snell’s law
n 1 sin θ 1 = n 2 sin θ 2

(5 repeated)

by the approximate equation
n1 θ1 = n2 θ2

Snell's law
for small
angles

(8)

Figure 26a

Figure 26b

Focusing properties of a spherical surface. (Not good!)

We get a much better focus if we use only a small part
of the spherical surface.

Optics-20

Focal Length of a Spherical Surface
Let us now use the simplified form of Snell’s law to
calculate the focal length f of a spherical surface, i.e.,
the distance behind the surface where entering parallel
rays come to a point. Unless you plan to start making
your own lenses, you do not really need this result, but
the exercise provides an introduction to how focal
lengths are related to the curvature of lenses.
Consider two parallel rays entering a spherical surface
as shown in Figure (27). One enters along the axis of
the surface, the other a distance h above it. The angle
labeled θ 1 is the angle of incidence for the upper ray,
while θ 2 is the refracted angle. These angles are related
by Snell’s law
n1 θ1 = n2 θ2

or
n1
θ
n2 1

θ2 =

(9)

If you recall your high school trigonometry you will
remember that the outside angle of a triangle, θ 1 in
Figure (27a), is equal to the sum of the opposite angles,
θ 2 and α in this case. Thus

Now consider the two triangles reproduced in Figures
(27b) and (27c). Using the small angle approximation
tan θ ≈ sin θ ≈ θ , we have for Figure (27b)
h
h
θ1 ≈
; α ≈
(11)
r
f
Substituting these values for θ 1 and α into Equation
(10) gives
n1 h h
h
=
+
(12)
n2 r f
r
The height h cancels, and we are left with
n1
1
1
=
1–
r
n2
f

The fact that the height h cancels means that parallel
rays entering at any height h (as long as the small angle
approximation holds) will focus at the same point a
distance f behind the surface. This is what we saw in
Figure (26b).
Figure (26b) was drawn for n 1 = 1 (air) and n 2 = 1.33
(water) so that n 1 /n 2 = 1/1.33 = .75 . Thus for that
drawing we should have had
1
1
1
1 1
=
1 – .75 =
.25 =
f
r
r
r 4

θ1 = θ2 + α

or

or using Equation 9 for θ 2
(10)
n1

Calculating the
focal length f of a
spherical surface.

parallel rays

as the predicted focal length of that surface.

n2

θ1
Figure 27

(14)

f = 4r

n1
θ +α
n2 1

θ1 =

(13)

θ2

h

θ1
r

α

f

r (radius of sphere)

θ2

Figure 27a

θ1 = θ2 + α

h

θ1

θ1

α

r
Figure 27b

Figure 27c

θ1 ≈ h /r

α ≈ h /f

h

α

f
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Exercise 5
Compare the prediction of Equation (14) with the
results we got in Figure (26b). That is, what do you
measure for the relationship between f and r in that
figure?
Exercise 6
The index of refraction for red light in water is slightly
less than the index of refraction for blue light. Will the
focal length of the surface in Figure (26b) be longer
or shorter than the focal length for red light?
Exercise 7
The simplest model for a fixed focus eye is a sphere
of index of refraction n2 . The index n2 is chosen so
that parallel light entering the front surface of the
sphere focuses on the back surface as shown in
Figure (27d). What value of n2 is required for this
model to work when n1 =1 ? Looking at the table of
indexes of refraction, Table 1, explain why such a
model would be hard to achieve.

Aberrations
When parallel rays entering a lens do not come to focus
at a point, we say that the lens has an aberration. We
saw in Figure (26a) that if light enters too large a region
of a spherical surface, the focal points are spread out in
back. This is called spherical aberration. One cure for
spherical aberration is to make sure that the diameter of
any spherical lens you use is small in comparison to the
radius of curvature of the lens surface.

n1 = 1

n2 = ?

Figure 27d

A simple, but hard to achieve, model for an eye.

We get rainbows from raindrops and prisms because
the index of refraction for most transparent substances
changes with wavelength. As we saw in Exercise 6,
this causes red light to focus at a different point than
yellow or blue light, (resulting in colored bands around
the edges of images). This problem is called chromatic
aberration. The cure for chromatic aberration is to
construct complex lenses out of materials of different
indices of refraction. With careful design, you can
bring the focal points of the various colors back together. Some of the complexity in the design of the
zoom lens in Figure (25) is to correct for chromatic
aberration.
Astigmatism is a common problem for the lens of the
human eye. You get astigmatism when the lens is not
perfectly spherical, but is a bit cylindrical. If, for
example, the cylindrical axis is horizontal, then light
from a horizontal line will focus farther back than light
from a vertical line. Either the vertical lines in the
image are in focus, or the horizontal lines, but not both
at the same time. (In the eye, the cylindrical axis does
not have to be horizontal or vertical, but can be at any
angle.)
There can be many other aberrations depending upon
what distortions are present in the lens surface. We
once built a small telescope using a shaving mirror
instead of a carefully ground parabolic mirror. The
image of a single star stretched out in a line that covered
an angle of about 30 degrees. This was an extreme
example of an aberration called coma. That telescope
provided a good example of why optical lenses and
mirrors need to be ground very accurately.
What, surprisingly, does not usually cause a serious
problem is a small scratch on a lens. You do not get an
image of the scratch because the scratch is completely
out of focus. Instead the main effect of a scratch is to
scatter light and fog the image a bit.
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Perhaps the most famous aberration in history is the
spherical aberration in the primary mirror of the orbiting Hubble telescope. The aberration was caused by an
undetected error in the complex apparatus used to test
the surface of the mirror while the mirror was being
ground and polished. The ironic part of the story is that
the aberration could have easily been detected using the
same simple apparatus all amateur telescope makers
use to test their mirrors (the so called Foucault test), but
such a simple minded test was not deemed necessary.
What saved the Hubble telescope is that the engineers
found the problem with the testing apparatus, and could
therefore precisely determine the error in the shape of
the lens. A small mirror, only a few centimeters in
diameter, was designed to correct for the aberration in
the Hubble image. When this correcting mirror was
inserted near the focus of the main mirror, the aberration was eliminated and we started getting the many
fantastic pictures from that telescope.
Another case of historical importance is the fact that
Issac Newton invented the reflecting telescope to avoid
the chromatic aberration present in all lenses at that
time. With a parabolic reflecting mirror, all parallel
rays entering the mirror focus at a point. The location
of the focal point does not depend on the wavelength of
the light (as long as the mirror surface is reflecting at
that wavelength). You also do not get spherical aberration either because a parabolic surface is the correct
shape for focusing, no matter how big the diameter of
the mirror is compared to the radius of curvature of the
surface.

Figure 28

Correction of the Hubble telescope mirror. Top: before
the correction. Bottom: same galaxy after correction.
Left: astronauts installing correction mirror.
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THIN LENSES
In Figure (29), we look at what happens when parallel
rays pass through the two spherical surfaces of a lens.
The top diagram (a) is a reproduction of Figure (26b)
where a narrow bundle of parallel rays enters a new
medium through a single spherical surface. By making
the diameter of the bundle of rays much less than the
radius of curvature of the surface, the parallel rays all
focus to a single point. We were able to calculate where
this point was located using small angle approximations.
In Figure (29b), we added a second spherical surface.
The diagram is drawn to scale for indices of refraction
n = 1 outside the gray region and n = 1.33 inside, and
using Snell’s law at each interface of each ray. (The
drawing program Adobe Illustrator allows you to do
this quite accurately.) The important point to note is
that the parallel rays still focus to a point. The difference is that the focal point has moved inward.

(a)

(b)

In Figure (29c), we have moved the two spherical
surfaces close together to form what is called a thin
lens. We have essentially eliminated the distance the
light travels between surfaces. If the index of refraction
outside the lens is 1 and has a value n inside, and
surfaces have radii of curvature r 1 and r 2 , then the
focal length f of the lens given by the equation
1
1 1
= n–1
+
f
r1 r2

lens maker 's
equation

(15)

Equation (15), which is known as the lens maker’s
equation, can be derived in a somewhat lengthy exercise involving similar triangles.
Unless you are planning to grind your own lenses, the
lens maker’s equation is not something you will need
to use. When you buy a lens, you specify what focal
length you want, what diameter the lens should be, and
whether or not it needs to be corrected for color
aberration. You are generally not concerned with how
the particular focal length was achieved—what combination of radii of curvatures and index of refraction
were used.
Exercise 8
(a) See how well the lens maker’s equation applies to
our scale drawing of Figure (29c). Our drawing was
done to a scale where the spherical surfaces each had
a radius of r1 = r2 = 37mm , and the distance f from the
center of the lens to the focal point was 55 mm.
(b) What would be the focal length f of the lens if it had
been made from diamond with an index of refraction
n = 2.42?

(c)
Figure 29

A two surface lens. Adding a second surface still leaves
the light focused to a point, as long as the diameter of
the light bundle is small compared to the radii of the
lens surfaces.
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The Lens Equation
What is important in the design of a simple lens system
is where images are formed for objects that are different
distances from the lens. Light from a very distant object
enters a lens as parallel rays and focuses at a distance
equal to the focal length f behind the lens. To locate
the image when the object is not so far away, you can
either use a simple graphical method which involves a
tracing of two or three rays, or use what is called the lens
equation which we will derive shortly from the graphical approach.
For our graphical work, we will use an arrow for the
object, and trace out rays coming from the tip of the
arrow. Where the rays come back together is where the
image is formed. We will use the notation that the
object is at a distance (o) from the lens, and that the
image is at a distance (i) as shown in Figure (30).
In Figure (30) we have located the image by tracing
three rays from the tip of the object. The top ray is
parallel to the axis of the lens, and therefore must cross
the axis at the focal point behind the lens. The middle

ray, which goes through the center of the lens, is
undeflected if the lens is thin. The bottom ray goes
through the focal point in front of the lens, and therefore
must come out parallel to the axis behind the lens.
(Lenses are symmetric in that parallel light from either
side focuses at the same distance f from the lens.) The
image is formed where the three rays from the tip
merge. To locate the image, you only need to draw two
of these three special rays.
Exercise 9
(a) Graphically locate the image of the object in Figure
(31).
(b) A ray starts out from the tip of the object in the
direction of the dotted line shown. Trace out this ray
through the lens and show where it goes on the back
side of the lens.

In Exercise 9, you found that, once you have located the
image, you can trace out any other ray from the tip of
the object that passes through the lens, because these
rays must all pass through the tip of the image.

focal
length

f

f

image
object

object

o
object distance

f

i

image distance

Figure 30

Locating the image using ray tracing. Three rays are
easy to draw. One ray goes straight through the center
of the lens. The top ray, parallel to the axis, intersects
the axis where parallel rays would focus. A ray going
through the left focus, comes out parallel to the axis.
The image of the arrow tip is located where these rays
intersect.

Figure 31

Locate the image of the arrow, and then trace the ray
starting out in the direction of the dotted line.
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There is a very, very simple relationship between the
object distance o, the image distance i and the lens focal
length f. It is
1
1 1
+ =
f
o i

the lens
equation

(16)

Equation (16) is worth memorizing if you are going to
do any work with lenses. It is the equation you will use
all the time, it is easy to remember, and as you will see
now, the derivation requires some trigonometry you
are not likely to remember. We will take you through
the derivation anyway, because of the importance of
the result.
In Figure (32a), we have an object of height A that
forms an inverted image of height B. We located the
image by tracing the top ray parallel to the axis that
passes through the focal point behind the lens, and by
tracing the ray that goes through the center of the lens.

i

o
A

A

(a)

f

B

A+B

(b)
i
A

Figure 32

Derivation of the lens equation.

f

(17)

In Figure (32c) we have selected another triangle which
starts where the top ray hits the lens, goes parallel to the
axis over to the image, and down to the tip of the image.
This triangle has a length i and a base of height (A+B)
as shown. This triangle is cut by a vertical line at the
focal plane, giving a smaller similar triangle of length
f and base (A) as shown. The ratio of the length to base
of these similar triangles must be equal, giving
A+B
A
A+B
i
=
⇒
=
f
A
f
i
Combining Equations (17) and (18) gives
o+i
i
i
=
= 1+
o
o
f

(18)

(19)

(16)

which is the lens equation, as advertised.

A

(c)

A = A+B ⇒ A+B = o + i
A
o
o
o+i

Finally, divide both sides by i and we get
1
1 1
lens
= +
equation
f
i o

i

o

In Figure (32b) we have selected one of the triangles
that appears in Figure (32a). The triangle starts at the
tip of the object, goes parallel to the axis over to the
image, and then down to the tip of the image. The
length of the triangle is (o + i) and the height of the base
is (A+B). The lens cuts this triangle to form a smaller
similar triangle whose length is o and base is (A). The
ratio of the base to length of these similar triangles must
be equal, giving

A+B

Note that the lens equation is an exact consequence of
the geometrical construction shown back in Figure
(30). There is no restriction about small angles. However if you are using spherical lenses, you have to stick
to small angles or the light will not focus to a point.
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Negative Image Distance
The lens equation is more general than you might
expect, for it works equally well for positive and
negative distances and focal lengths. Let us start by
seeing what we mean by a negative image distance.
Writing Equation (15) in the form
1
1 1
= –
i
f o

(16a)

let us see what happens if 1/o is bigger than 1/f so
that i turns out to be negative. If 1/o is bigger than 1/f,
that means that o is less than f and we have placed the
object within the focal length as shown in Figure (33).
When we trace out two rays from the tip of the image,
we find that the rays diverge after they pass through the
lens. They diverge as if they were coming from a point
behind the object, a point shown by the dotted lines. In
this case we have what is called a virtual image, which
is located at a negative image distance (i). This
negative image distance is correctly given by the lens
equation (16a).
(We will not drag you through another geometrical
proof of the lens equation for negative image distances.
It should be fairly convincing that just when the image
distance becomes negative in the lens equation, the
geometry shows that we switch from a real image on
the right side of the lens to a virtual image on the left.)

Negative Focal Length
and Diverging Lenses
In Figure (33) we got a virtual image by moving the
object inside the focal length. Another way to get a
virtual image is to use a diverging lens as shown in
Figure (34). Here we have drawn the three special rays,
but the role of the focal point is reversed. The ray
through the center of the lens goes through the center as
before. The top ray parallel to the axis of the lens
diverges outward as if it came from the focal point on
the left side of the lens. The ray from the tip of the object
headed for the right focal point, comes out parallel to
the axis. Extending the diverging rays on the right,
back to the left side, we find a virtual image on the left
side.
You get diverging lenses by using concave surfaces as
shown in Figure (34). In the lens maker’s equation,
1
1 1
= n–1
+
f
r1 r2

lensmaker 's
equation

(15)

you replace 1/r by – 1/r for any concave surface. If
1/f turns out negative, then you have a diverging lens.
Using this negative value of f in the lens equation (with
f = – f ) we get
1
= –
i

1
1
+
o
f

(16b)

This always gives a negative image distance i, which
means that diverging lenses only give virtual images.

f

virtual
image

i

o

virtual
image
object

o

Figure 33

i
f

When the object is located within the focal length, we
get a virtual image behind the object.
Figure 34

A diverging lens always gives a virtual image.
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Exercise 10
You have a lens making machine that can grind surfaces, either convex or concave, with radius of curvatures of either 20 cm or 40 cm, or a flat surface. How
many different kinds of lenses can you make? What is
the focal length and the name of the lens type for each
lens? Figure (35) shows the names given to the various
lens types.

Negative Object Distance
With the lens equation, we can have negative image
distances and negative focal lengths, and also negative
object distances as well.
In all our drawings so far, we have drawn rays coming
out of the tip of an object located at a positive object
distance. A negative object distance means we have a
virtual object where rays are converging toward the tip
of the virtual object but don’t get there. A comparison
of the rays emerging from a real object and converging
toward a virtual object is shown in Figure (36). The
converging rays (which were usually created by some
other lens) can be handled with the lens equation by
assuming that the distance from the lens to the virtual
object is negative.

As an example, suppose we have rays converging to a
point, and we insert a diverging lens whose negative
focal length f = – f is equal to the negative object
distance o = – o as shown in Figure (37). The lens
equation gives
1
1 1
1
1
1
1
= – =
–
=
–
(20)
i
f o
– f
– o
o
f

If f = o , then 1/i = 0 and the image is infinitely far
away. This means that the light emerges as a parallel
beam as we showed in Figure (37).
positive object
distance

o

rays emerging
from real
object
object

lens

o
rays converging
on a virtual
object

negative
object
distance

Figure 36

Positive and negative object distances.

negative focal length

f
bi-convex

bi-concave

planar-convex

meniscus
convex

meniscus
concave

o
planar-concave

Figure 35

Various lens types. Note that eyeglasses are
usually meniscus convex or meniscus concave.

negative object distance
Figure 37

Negative focal length.
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Multiple Lens Systems
Using the lens equation, and knowing how to handle
both positive and negative distances and focal lengths,
you can design almost any simple lens system you
want. The idea is to work your way through the system,
one lens at a time, where the image from one lens
becomes the object for the next. We will illustrate this
process with a few examples.

In Figure (38b), we moved the second lens up to within
8 cm of the first lens, so that the first image now falls
behind the second lens. We now have a negative object
distance
o2 = D – i1 = 8 cm – 23.33 cm = – 15.33 cm
Using this negative object distance in the lens equation
gives
1
1 1
1
1
=
–
=
–
i2
f2 o2
12 –15.33

As our first example, consider Figure (38a) where we
have two lenses of focal lengths f1 = 10 cm and
f2 = 12 cm separated by a distance D = 40 cm. An
object placed at a distance o1 = 17.5 cm from the first
lens creates an image a distance i1 behind the first lens.
Using the lens equation, we get
i1 =

1 1
1
1
1
–
=
–
=
f1 o1
10 17.5
23.33

(21)

i1 = 23.33 cm

the same distance we got graphically in Figure (38a).
This image, which acts as the object for the second lens
has an object distance
o2 = D – i1 = 40 cm – 23.33 cm = 16.67 cm

This gives us a final upright image at a distance i2
given by
1 1
1
1
1
1
=
–
=
–
=
f2 o2
12 16.67
42.86
i2

(22)
(23)

i2 = 42.86 cm

which also accurately agrees with the geometrical
i2
construction.

=

1
1
1
+
=
12 15.33
6.73

(24)

i2 = 6.73 cm

In the geometrical construction we find that the still
inverted image is in fact located 6.73 cm behind the
second image.
While it is much faster to use the lens equation than
trace rays, it is instructive to apply both approaches for
a few examples to see that they both give the same
result. In drawing Figure (38b) an important ray was
the one that went from the tip of the original object,
down through the first focal point. This ray emerges
from the first lens traveling parallel to the optical axis.
The ray then enters the second lens, and since it was
parallel to the axis, it goes up through the focal point of
the second lens as shown. The second image is located
by drawing the ray that passes straight through the
second lens, heading for the tip of the first image.
Where these two rays cross is where the tip of the final
image is located.
i1

o1

i2

D = 40cm

o1

i1

o2
object

o2

object

–17.5 –10

–17.5 –10

0

23.33

40

Figure 38a

Locating the image in a two lens system.

0

8

20
14.73

f2

f1

f2

f1

image

23.33 cm

Figure 38b
52

82.85 cm

We moved the second lens in so that
the second object distance is negative.
We now get an inverted image 6.73
cm from the second lens.
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In Figure (38c) we sketched a number of rays passing
through the first lens, heading for the first image. These
rays are converging on the second lens, which we point
out in Figure (36b) was the condition for a negative
object distance.

Using Equation (26) for 1/i1 gives
1
1 1 1
=
+ –
i2
f2 f1 o1
1 1
1 1
+
=
+
f1 f2
o1 i2

(28)

Now o1 is the object distance and i2 is the image
distance for the pair of lenses. Treating the pair of
lenses as a single lens, we should have

object

1 1
1
+
=
o1 i2
f

Figure 38c

(29)

where f is the focal length of the combined lens.
Two Lenses Together
If you put two thin lenses together, as shown in Figure
(39), you effectively create a new thin lens with a
different focal length. To find out what the focal length
of the combination is, you use the lens equation twice,
setting the second object distance o2 equal to minus the
first image distance –i1 .
o2 = –i1

for two lenses
together

(25)

Comparing Equations (28) and (29) we get
1
1 1
=
+
f1 f2
f

focal length of two
thin lenses together

(30)

as the simple formula for the combined focal length.

1
1 1
=
–
i1
f1 o1

(26)

Exercise 11
(a) Find the image distances i 2 for the geometry of
Figures (38), but with the two lenses reversed, i.e., with
f1= 12 cm , f2= 10 cm . Do this for both length D = 40 cm
and D = 8 cm.

1
1 1
=
–
i2
f2 o2

(27)

(b) If the two lenses are put together (D = 0) what is the
focal length of the combination?

From the lens equations we have

Setting o2 = – i1 in Equation 27 gives
1
1
1
1 1
=
–
=
+
i2
f2 –i1
f2 i1

i1
–o2

o1
object

Figure 39

1 2

Two lenses together. Since the object for the second
lens is on the wrong side of the lens, the object distance
o2 is negative in this diagram. If the lenses are close
together, i1 and – o2 are essentially the same.

object for
second lens
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Magnification
It is natural to define the magnification created by a lens
as the ratio of the height of the image to the height of the
object. In Figure (40) we have reproduced Figure (38a)
emphasizing the heights of the objects and images.
We see that the shaded triangles are similar, thus the
ratio of the height B of the first image to the height A
of the object is
i1
B
=
o1
A

(31)

We could define the magnification in the first lens as
the ratio of B/A, but instead we will be a bit tricky and
include a - (minus) sign to represent the fact that the
image is inverted. With this convention we get
m1 =

–i1
–B
=
o1
A

definition of
magnificationm

(32)

Exercise 12
Figures (38) and (40) are scale drawings, so that the
ratio of image to object sizes measured from these
drawings should equal the calculated magnifications.
(a) Calculate the magnifications m1 , m2 and m12 for
Figure (38a) or (40) and compare your results with
magnifications measured from the figure.
(b) Do the same for Figure (38b). In Figure (38b), the
final image is inverted. Did your final magnification m12
come out negative?
Exercise 13
Figure (41a) shows a magnifying glass held 10 cm
above the printed page. Since the object is inside the
focal length we get a virtual image as seen in the
geometrical construction of Figure (41b). Show that our
formulas predict a positive magnification, and estimate
the focal length of the lens. (Answer: about 17 cm.)

Treating B as the object for the second lens gives
m2 =

–i2
–C
=
o2
B

(33)

The total magnification m12 in going from the object A
to the final image C is
C
m12 =
(34)
A
which has a + sign because the final image C is upright.
But
C = –C –B
B
A
A

(35)

Thus we find that the final magnification is the product
of the magnifications of each lens.

Figure 41a

Using a magnifying glass.

(36)

m12 = m1 m2

virtual
image

o1
A

image

i1

o

i

o2
B

object

C

f
i2

Figure 41b

When the magnifying glass is less than a focal length
away from the object, we see an upright virtual image.
Figure 40

Magnification of two lenses.

